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Figure 3.6: Normalized density map for 21 LPPic simulation runs after instability
saturation for various values of the pressure (vertical axis) and the magnetic field
(horizontal axis).
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Figure 3.6: Normalized density map for 21 LPPic simulation runs after instability
saturation for various values of the pressure (vertical axis) and the magnetic field
(horizontal axis).
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Fig. 1.— Derived spectra for 3C138 (see Heiles & Troland 2003). Plots for all sources are

available in the electronic edition of The Astrophysical Journal.
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Different mathematical descriptions
can model the state of a plasma

Chapman-Enskog models:

• Braginskii (1965)
• Magnetized and fully-

ionized (Landau 
operator)

• Ern & Giovangigli (1994)
• Chapman-Enskog in 

kinetic equation.

• Zhdanov (2002)
• Magnetized and partially 

ionized (Boltzmann op.)

• Graille, Magin, Massot (2009)
• Magnetized & partially-

ionized (Boltzmann op.)
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Different mathematical descriptions
can model the state of a plasma

Moment models:

• Grad’s method (1949)
• Landau and Boltzmann.

• Landau Fluids (1997)
• Kinetic phenomena 

• Levermore’s Maximum 
Entropy (1996)
• Mostly with BGK

• Pearson IV, angular moments, 
other closures…
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1.2. BOLTZMANN KINETIC EQUATION 19

This equation is the first equation (which is exact !) of the BBGKY hierarchy 4.

We introduce the two-particle correlation function, which is defined as

g2(r1, r2,v1,v2, t) ⌘ f2(r1, r2,v1,v2, t)� f1(r1,v1, t)f1(r2,v2, t)

The integration of the term without correlation is carried out without di�culty.
We hence find
Z

aint(|r1�r2|)rv1 [f1(r1,v1, t)f1(r2,v2, t)] d
3r2d

3v2 = rv1f1(r1,v1, t)

Z
n(r2, t)aint(|r1�r2|)d3r2

where we have used a normalization for f1 that reads
Z

f1(r,v, t) d
3v = n(r, t)

where n(r, t) is the particle density (in the physical space). Consequently, this
normalization allow us for interpreting f1 as the number of particle per unit
volume in the one-particle phase space, i.e., the average number of particles in
the hypervolume d3rd3v.

the integral of the second term can be written as a convolution product, as
follows, Z

n(r2, t)aint(|r1 � r2|) d3r2 ⌘ (n ? aint) (r1)

which, represents the average acceleration exerted by all the other particles on
the particle located at r1.

Z
rr1u .rv1f2 d

3r2 d
3v2 = rv1f1

Z
n(r2, t)rr1u d3r2 +

Z
rr1u .rv1g2 d

3r2 d
3v2

Let us write then

a(r1) ⌘ aext(r1) + (n ? aint) (r1),✓
�f1
�t

◆

c

(r1,v1, t) ⌘ �
Z

aint(|r1 � r2|).rv1g2(r1, r2,v1,v2, t) d
3r2 d

3v2.

The first term corresponds to the total acceleration and the second term will be
referred to as collision term (interaction term would be more appropriate). In the
case of electromagnetic forces, the field acceleration reads

a = q(E+ v ⇥B)/m

where E and B represent the self-consistent electric and magnetic fields as solved
by the Maxwell equations coupled to Boltzmann equation.

4. This hierarchy of equations was proposed by Born-Bogoliubov-Green-Kirkwood-Yvon.

We integrate the RHS term of the kinetic equation:

18 CHAPITRE 1. BASIC PRINCIPLES OF THE KINETIC EQUATIONS

where the multiplication factors that involve N are explained because the par-
ticles are considered to be indistinguishable 3.

As we only consider two-body interactions, we can separate forces into the
external force and the particle interactions, as follows,

F(ri) = Fext(ri) +
NX

j 6=i

Fint(|ri � rj|)

In the case of non-interacting particles in the presence of external forces, the N -particle
distribution function fN (r

N
,v

N
, t) follows Liouville’s equation

@fN

@t
+

NX

i=1

vi.rrifN +

NX

i=1

aext(ri).rvifN = 0

where aext(ri) = Fext(ri)/m is the acceleration exerted on the i-th particle.

Let us multiply each member of this equation by
QN

i=2
d
3
rid

3
vi and integrate it over the

6(N � 1) space. Prove that the one-particle distribution function f1(r1,v1, t) verifies the follo-
wing equation in absence of interaction between the particles

@f1

@t
+ v1.rr1f1 + aext(r1).rv1f1 = 0

We recall that the distribution function are zero for ri = ±1 or vi = ±1.

Now, let us consider the interaction between the particles. Prove that the one-particle
distribution function and the two-particle distribution functions are coupled by the following
equation

@f1

@t
+ v1.rr1f1 + aext(r1).rv1f1 = �

Z
aint(|r1 � r2|).rv1f2(r1, r2,v1,v2, t) d

3
r2 d

3
v2

where aint(|ri � ri|) = Fint(|ri � rj |)/m.

The equation that is obtained above reads

@f1
@t

+v1.rr1f1+aext(r1).rv1f1 = �
Z

aint(|r1�r2|).rv1f2(r1, r2,v1,v2, t) d
3r2 d

3v2.

@f1
@t

+v1.rr1f1�rr1Uext(r1).rv1f1 =

Z
rr1u(|r1 � r2|).rv1f2(r1, r2,v1,v2, t) d

3r2 d
3v2.

3. The multiplication factors are compatible with the following normalization for fN ,

Z
fN (r

N
,v

N
, t)

QN
i=1

d
3
rid

3
vi

N !h3N
= 1.

where h is the Planck constant (which appears due to quantum considerations that are out of

the scope of this book, see Chapter 7 by Pottier for more details).

From Liouville’s equation, we can derive the first equation of the 
BBGKY hierarchy (for the one-particle distribution function):

Two-particle 
distribution function

Kinetic equation in plasmas
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1.1 Liouville’s equation

Let us consider a macroscopic system that consists of N mass point particles
that are identical. We will disregard quantum and relativistic e↵ects and we will
assume that the motion of these particles is ruled by the classical mechanics.
A microscopic state is completely defined at the instant t by the position of
the particles rN ⌘ (r1, · · · , rN) and their momentum pN ⌘ (p1, · · · ,pN), which
defines a point in the 6N -dimensional phase space. Assuming that the particles
interact among each other by pairs, the Hamiltonian of this system reads, in a
general form,

H =
NX

i=1

p2i
2m

+
NX

i=1

U(ri) +
NX

i,j=1

i<j

u(|ri � rj|)

where U et u represents the external potential and the potential of the interaction
between pairs, respectively.

The temporal evolution of the system, for i = 1, · · · , N , is given by the Ha-
milton equations, which read

ṙi ⌘
dri
dt

= +
@H

@pi
= vi,

ṗi ⌘
dpi

dt
= �@H

@ri
= Fi

where the velocity is vi = pi/m and Fi = �rriU(ri) �
P

j 6=i rriu(|ri � rj|)
represent the total force that acts on the ith particle. In plasmas, the electroma-
gnetic forces are caused by the electric and magnetic fields. As charged particles
in motion create their own electromagnetic field, the Hamilton equations need to
be coupled to Maxwell’s equations in order to determine the state of the system.

In an statistical approach, we renounce to resolve the 6N coupled di↵erential
equations describing the motion of the N particles. Instead, we introduce the
N-particle distribution function, fN(rN ,pN , t), so that,

dN = fN(r
N ,pN , t) d�

represents the number of points that are representative of the states of the system
in a volume of the phase space d� ⌘ d3rNd3pN ⌘

QN
i=1

d3rid3pi, in the point
(rN ,pN), at the instant t.

fN ⌘ dN /d� can be understood also as the density of states in the 6N-
dimensional phase space 1.

1. For instance, at thermodynamic equations, in the canonical conditions (closed system at

constant temperature), fN reads

f
eq

N /
e��E(rN ,pN

)

Zcan

where Zcan is the canonical partition function.
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This equation is the first equation (which is exact !) of the BBGKY hierarchy 4.

We introduce the two-particle correlation function, which is defined as

g2(r1, r2,v1,v2, t) ⌘ f2(r1, r2,v1,v2, t)� f1(r1,v1, t)f1(r2,v2, t)

The integration of the term without correlation is carried out without di�culty.
We hence findZ
aint(|r1�r2|)rv1 [f1(r1,v1, t)f1(r2,v2, t)] d

3r2d
3v2 = rv1f1(r1,v1, t)

Z
n(r2, t)aint(|r1�r2|)d3r2

where we have used a normalization for f1 that reads
Z

f1(r,v, t) d
3v = n(r, t)

where n(r, t) is the particle density (in the physical space). Consequently, this
normalization allow us for interpreting f1 as the number of particle per unit
volume in the one-particle phase space, i.e., the average number of particles in
the hypervolume d3rd3v.

the integral of the second term can be written as a convolution product, as
follows, Z

n(r2, t)aint(|r1 � r2|) d3r2 ⌘ (n ? aint) (r1)

which, represents the average acceleration exerted by all the other particles on
the particle located at r1.

Let us write then

a(r1) ⌘ aext(r1) + (n ? aint) (r1),✓
�f1
�t

◆

c

(r1,v1, t) ⌘ �
Z

aint(|r1 � r2|).rv1g2(r1, r2,v1,v2, t) d
3r2 d

3v2.

The first term corresponds to the total acceleration and the second term will be
referred to as collision term (interaction term would be more appropriate). In the
case of electromagnetic forces, the field acceleration reads

a = q(E+ v ⇥B)/m

where E and B represent the self-consistent electric and magnetic fields as solved
by the Maxwell equations coupled to Boltzmann equation.

By abuse of notation, in the following, we will drop the subindex 1 from the
one-particle distribution function (that we will call simply distribution function).
Hence, the distribution function follows the exact equation

@f

@t
+ v.rrf + a.rvf =

✓
�f

�t

◆

c

4. This hierarchy of equations was proposed by Born-Bogoliubov-Green-Kirkwood-Yvon.

We introduce the two-particle correlation function 

Statistically independent particles
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By abuse of notation, in the following, we will drop the subindex 1 from the
one-particle distribution function (that we will call simply distribution function).
Hence, the distribution function follows the exact equation

@f

@t
+ v.rrf + a.rvf =

✓
�f

�t

◆

c

@f

@t
+ v.rrf +

q(E+ v ⇥B)

m
.rvf =

✓
�f

�t

◆

c

which is called as Boltzmann’s kinetic equation.

Note that the distribution function f(t, r(t),v(t)) evolves between t and t+dt
following the law

df =
@f

@t
dt+rrf.d

3r+rvf.d
3v =) df

dt
=

@f

@t
+rrf.

d3r

dt
+rvf.

d3v

dt

Therefore, Boltzmann’s kinetic equation can be written as

df

dt
=

✓
�f

�t

◆

c

Consequently, for non-interacting particles, the total derivative of df/dt is zero.
This means that the number of particles per unit volume does not change while
we follow the particles in the phase space. Boltzmann’s equation shows that the
interaction between the particles is the only source of the variation of the density
in a Lagrangian standpoint.

Note that the electromagnetic forces are divergence free in the velocity space
(for instance, ax depends on vy and vz but not on vx) and that r and v are
independent variables. Consequently, Boltzmann’s equation reads

@f

@t
+rr. (fv) +rv. (fa) =

✓
�f

�t

◆

c

Boltzmann’s equation as written in this form has a clear interpretation : the
variation of the number of particles in the elementary (fixed) volume d3rd3v bet-
ween the instants t and t+ dt has two origines :

- the flux of particles that are entering or leaving throught the surfaces of
the volume in the phase space,

- the particles that are created or lost inside the volume.

Kinetic equation for the charged particles:

External + field 
created  by 
other particles.
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By abuse of notation, in the following, we will drop the subindex 1 from the
one-particle distribution function (that we will call simply distribution function).
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@f

@t
+ v.rrf + a.rvf =

✓
�f

�t

◆

c

@f

@t
+ v.rrf +

q(E+ v ⇥B)

m
.rvf =

✓
�f

�t

◆

c

@B

@t
+r⇥ E = 0

@E

@t
� c2r⇥B = � 1

µ0

X

�

q�

Z
dvvf�

r ·B = 0

r · E =
1

✏0

X

�

q�

Z
dvf�
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following the law

df =
@f

@t
dt+rrf.d

3r+rvf.d
3v =) df

dt
=

@f

@t
+rrf.

d3r

dt
+rvf.

d3v

dt

Therefore, Boltzmann’s kinetic equation can be written as

df

dt
=

✓
�f

�t

◆

c

Consequently, for non-interacting particles, the total derivative of df/dt is zero.
This means that the number of particles per unit volume does not change while
we follow the particles in the phase space. Boltzmann’s equation shows that the
interaction between the particles is the only source of the variation of the density
in a Lagrangian standpoint.

Note that the electromagnetic forces are divergence free in the velocity space
(for instance, ax depends on vy and vz but not on vx) and that r and v are
independent variables. Consequently, Boltzmann’s equation reads

@f

@t
+rr. (fv) +rv. (fa) =

✓
�f

�t

◆

c

Maxwell’s equations

Collisional termField of (N-1) particles on particle 1 4
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Elastic

Inelastic

Reactive

𝐴

𝑒#

𝐴

𝑒#

𝐴∗

𝑒#

𝐴

𝑒#

𝐴

𝑒# 𝐴%

𝑒#

𝑒#

We consider the following collisional processes:
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We consider the following collisional processes
✓

�fe

�t

◆

c

=

✓
�fe

�t

◆(elast.)

eg

+

✓
�fe

�t

◆(inelast.)

eg

+

✓
�fe

�t

◆

ee

+

✓
�fe

�t

◆

ei

.

electron-gas elastic
collisions

Boltzmann operator

Lorentz gas

BGK operator

✓
�fe

�t

◆(Boltz)

eg

=

Z Z �
f 0
ef 0

g � fefg

�
g�d⌦dvg.

✓
�fe

�t

◆(Lorentz)

eg

= ngve

Z �
f 0
e � fe

�
�(ve, �)d⌦

✓
�fe

�t

◆(BGK)

eg

= ⌫m(fg � fe)

� ��

Collisional models
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✓

�fe

�t

◆

c

=

✓
�fe

�t

◆(elast.)

eg

+

✓
�fe

�t

◆(inelast.)

eg

+

✓
�fe

�t

◆

ee

+

✓
�fe

�t

◆

ei

.

Coulomb collisions

Landau operator

Boltzmann operator
(screened at Debye
length)

✓
�fe

�t

◆(F okker�P lanck)

e↵

= @vr

�
D↵

rs@vs fe

�
�@vr

�
A↵

r fe

�
↵ 2 {e, i}

✓
�fe

�t

◆(Boltz)

e↵

=

Z Z �
f 0
ef 0

↵ � fef↵

�
g�d⌦dv↵ ↵ 2 {e, i}

� ��

E������� ����������: C���������� ���������

We consider the following collisional processes
✓

�fe

�t

◆

c

=

✓
�fe

�t

◆(elast.)

eg

+

✓
�fe

�t

◆(inelast.)

eg

+

✓
�fe

�t

◆

ee

+

✓
�fe

�t

◆

ei

.

Coulomb collisions

Landau operator

Boltzmann operator
(screened at Debye
length)

Lennard-Balescu and
Instability-enhanced
collisional operators

✓
�fe

�t

◆(F okker�P lanck)

e↵

= @vr

�
D↵

rs@vs fe

�
�@vr

�
A↵

r fe

�
↵ 2 {e, i}

✓
�fe

�t

◆(Boltz)

e↵

=

Z Z �
f 0
ef 0

↵ � fef↵

�
g�d⌦dv↵ ↵ 2 {e, i}

� ��

More info: Balruud et al., Physics of Plasmas 17, 055704 (2010);
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Figure 1. Scattering cross sections for xenon

2.2. Moment closure equations

2.2.1. General moment equations We define the moments of the distribution function

of the species ↵ 2 {+, e} as the weighted average over the velocity space, as follows,

M↵(~x, t) =

Z

1
V↵f↵d

3v = hV↵f↵i , (12)

We define the brackets h·i as the average over the velocity space. The weights used for

the average are monomials of the velocity, as follows,

V↵(~v) = (m↵, m↵vi, m↵vivj, m↵vivjvk, · · · )T , (13)

Note that the indices i, j, k use the common Einstein tensorial notation.

With these definitions, the evolution equation for the moments quantities are

obtained by averaging the kinetic equation with the previously defined weights.

Consequently, the general form of the moment equations reads,

@M↵

@t
+r · h~vV↵f↵i =

⌧
q↵
m↵

r� ·r~vf↵

�
+

⌧
V↵

�f↵
�t

����
c

�
(14)

By abuse of notation, in the following, we will drop the subscript ↵ as the equations for

both electrons and ions have the same structure. We can write the system of moment

equations in compact form as

@

@t
M +

@

@xj
Fj = SE +C. (15)

By using the weights of Eq. (28), the general set of equations reads

M (xi, t) =

0

BBBBB@

⇢

⇢ui

⇢uiuj + Pij

⇢uiujuk + Pijuk + Pjkui + Pikuj +Qijk
...

1

CCCCCA
, (16)

Average in velocity space
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By abuse of notation, in the following, we will drop the subscript ↵ as the equations for
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equations in compact form as

@

@t
M +

@

@xj
Fj = SE +C. (15)

By using the weights of Eq. (28), the general set of equations reads

M (xi, t) =

0

BBBBB@

⇢

⇢ui

⇢uiuj + Pij

⇢uiujuk + Pijuk + Pjkui + Pikuj +Qijk
...

1

CCCCCA
, (16)

Plasma discharge 4

Figure 1. Scattering cross sections for xenon

2.2. Moment closure equations

2.2.1. General moment equations We define the moments of the distribution function

of the species ↵ 2 {+, e} as the weighted average over the velocity space, as follows,

M↵(~x, t) =

Z

1
V↵f↵d

3v = hV↵f↵i , (12)

We define the brackets h·i as the average over the velocity space. The weights used for

the average are monomials of the velocity, as follows,

V↵(~v) = (m↵, m↵vi, m↵vivj, m↵vivjvk, · · · )T , (13)

Note that the indices i, j, k use the common Einstein tensorial notation.

With these definitions, the evolution equation for the moments quantities are

obtained by averaging the kinetic equation with the previously defined weights.

Consequently, the general form of the moment equations reads,

@M↵

@t
+ ~r · h~vV↵f↵i = �

*
V↵

~F↵

m↵
· ~r~vf↵

+
+

⌧
V↵

✓
�f↵
�t

◆

coll

�
(14)

By abuse of notation, in the following, we will drop the subscript ↵ as the equations for

both electrons and ions have the same structure. We can write the system of moment

equations in compact form as

@

@t
M +

@

@xj
Fj = SE +C. (15)

By using the weights of Eq. (28), the general set of equations reads

M (xi, t) =

0

BBBBB@

⇢

⇢ui

⇢uiuj + Pij

⇢uiujuk + Pijuk + Pjkui + Pikuj +Qijk
...

1

CCCCCA
, (16)

Multi-fluid description
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Microscopic description

2.2. Kinetic equation

5. Excited states are not tracked nor radiation is taken into account.

2.2.2 The kinetic equation

The evolution of the distribution function f↵(~v, ~x, t) of the species ↵ is de-
scribed by the Boltzmann kinetic equation,
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+ ~v · ~rf↵ +
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◆
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, (2.3)

where ~r and ~r~v are the gradient operators in ~x and ~v respectively. The
left-hand side of Eq. (2.3) represents the substantial derivative in time of the
distribution function, whereas the right-hand side is the variation in time of
the distribution function produced by binary collisions. The external force
exerted on particles ↵, when the plasma is under the e↵ect of electromagnetic
fields, is written as

~F↵ = q↵
⇣

~E + ~v ⇥ ~B
⌘

, (2.4)

where the electric and magnetic field are denoted as ~E and ~B respectively,
q↵ is the electric charge, and m↵ is the mass of the particles ↵.

The collisional term accounts for two types of contributions,
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= J↵ + Jr

↵
. (2.5)

Here J↵ is the elastic collision integral that considers the collision between
pairs of particles where the type of particle species is conserved. Jr

↵
is the

inelastic collision integral that considers the collision that lead to formation
of new plasma species.

The operator J↵ is written as the sum over the binary collisions,

J↵ =
X

�

J↵�(f↵, f�), (2.6)

where J↵�(f↵, f�) is the collision operator of the binary collision between the
species ↵ and �. The partial collisional operator for elastic collisions, can be
retrieved under the ”molecular chaos” assumption (e.g., [6, 88]) as follows
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the plasma distribution function reads,
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Here, f is the distribution function, � is the electric potential, and �f
�t

��
c
is the rate of

change of the distribution function due to collisions. The number densities are computed

by integrating over the velocity space, as follows,
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3v. (4)

In low-pressure gas discharges, the plasma is weakly ionized, i.e., ne,+ ⌧ ng.

Therefore, as the electron-neutral collisions are very ine�cient to transfer energy to

the neutral gas particles and the number of ions is much smaller than the gas particles,

the gas is assumed to be at rest at constant temperature. For this reason, the neutral

gas is characterized by a Maxwellian distribution function at rest, as follows,
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Note that at higher pressure, the plasma can become more ionized and the collisions

between the ions and the neutrals can heat the gas. This phenomenon is not considered

in this paper.

2.1.1. Collisional terms As the plasma is weakly ionized, we neglect the collisions

between charged particles. Consequently, only the collisions between the plasma species

↵ 2 {e,+} ↵ 2 {electrons, ions, gas}and the neutral gas are considered. For these

type of collisions, the common collisional operator is the so-called Boltzmann collisional

operator that reads
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where the tilde denotes for the quantities after the collision, the velocity di↵erence is

|~vR| = |~v↵ � ~vg|, the solid angle of the collisions is d⌦ = sin ✓d✓d' with ✓ the scattering

angle and ' the azimuthal angle of the collisions, I(~vR,⌦) is the di↵erential scattering

cross section that is defined as
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b

sin ✓

����
db
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���� (7)

where b is the impact parameter.
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Here, Pij is the pressure tensor,

Pij =

Z

1
(vi � ui)(vj � uj)f↵d

3v, (19)

Qijk is a third-rank tensor that represents the heat flux,

Qijk =

Z

1
(vi � ui)(vj � uj)(vk � uk)f↵d

3v, (20)

and Rijkl is a fourth-rank tensor that represents the flux of heat flux,

Rijkl =

Z

1
(vi � ui)(vj � uj)(vk � uk)(vl � ul)f↵d

3v. (21)

The rank of the tensors can be reduced by assuming isotropic properties, as it will

be done in the following. Note that the moment equations results in a hierarchy of

equations in which the flux of each equation depends on the subsequent equation. For

these reason, we need to take some assumptions in order to obtain a closed system of

equations.

Note that for convenience, we use the notation for the symmetrization of a tensor,

for example,

u(jEi) =
1

2
(uiEj + ujEi) and P(ijuk) =

1

3
(Pijuk + Pjkui + Pikuj) . (22)

The collisional part will be treated in a separate subsection as it depends on the

type of interaction.

2.2.2. The 8-M model for the electrons As explained before, in gas discharges the

behaviour of electrons and ions can be very despair due to their di↵erent masses.

Without magnetic field, the pressure tensor and the heat flux tend to be isotropic.

Additionally, the forces that dominate the transport of the charged species are mostly

the electromagnetic forces and therefore they are larger than the strain tensor. However,
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Closure problem:
• How many moments?
• The fluxes depend on next moment

Collisional integrals:
• Depend on cross-section 
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“Collisionless” isothermal Euler/Poisson equations

Electron mass:

Electron momentum:

Ion mass:

Ion momentum:

Gauss law:

We	normalize	with: 𝑛!, 𝐿!, 𝑇"

𝑢! =
𝑘𝑇!
𝑚#

𝑡! = 𝐿!/𝑢!
𝑝! = 𝑛!𝑘𝑇!

AP scheme for the low-temperature plasma fluid equations A. Alvarez Laguna et al.

As explained in [1], in most discharges these scales are much smaller than the ionization. Nevertheless, the elastic
collisions in low-pressure conditions do not impose a major di�culty from the numerical point of view and for that
reason are not the focus of the present work. Finally, the system is closed with the Poisson equation for the electric
potential. These equations are widely used in the plasma theory of waves [11, 60], in the derivation of the plasma
sheath theory [32, 33, 34] and global models in low-temperature RF discharges [1].

The equations in dimensional form read

@tne + @x · (neue) = nennKion, (1a)

@tni + @x · (niui) = nennKion, (1b)

me@t(neue) + @x · (meneue ⌦ ue + pe) = �neeE, (1c)

mi@t(niui) + @x · (miniui ⌦ ui + pi) = nieE, (1d)

@x · E =
ni � ne

✏0
e, (1e)

where ne and ni stand for the electron and ion number density respectively, and ue and ui the electron and ion
velocities. The neutral number density nn is assumed to be constant. The electron-impact ionization rate coe�cient
is a function of the electron temperature, for instance through Arrhenius’ law, Kion(Te) = A exp[�"ion/(kBTe)],
where the quantity "ion is the ionization energy. Recombination is assumed to be negligible. The partial pressures
of the electron and ion fluids are assumed to obey the perfect gas law, pe = nekBTe and pi = nikBTi, where kB is
Boltzmann’s constant, and Te and Ti, the electron and ion constant temperatures, respectively.

2.1. Normalized equations

The set of equations (1a)-(1d) and (1e) are normalized by introducing some reference quantities: n0, the char-
acteristic number density common to electrons and ions, L0 = l, the reference length, Te0, the (constant) electron
temperature, and Ti0, the (constant) ion temperature. The rest of the reference variables are calculated as a com-
bination of the previous ones: the reference velocity common to electrons and ions is based on the Bohm velocity
u0 ⌘ uB =

p
kBTe0/mi, the charateristic time t0 = L0/u0 is obtained from the reference velocity and reference

distance, whereas the reference potential �0 = kBTe0/e is based on the thermal energy of electrons. The normalized
set of equations reads

@t̄n̄e + @x̄ · (n̄eūe) = n̄e⌫̄
iz, (2a)

@t̄n̄i + @x̄ · (n̄iūi) = n̄e⌫̄
iz, (2b)

@t̄(n̄eūe) + @x̄ ·
⇥
n̄e

�
ū2
e + "�1

�⇤
=

n̄e

"
@x̄�̄, (2c)

@t̄(n̄iūi) + @x̄ ·
⇥
n̄i

�
ū2
i + 

�⇤
= �n̄i@x̄�̄, (2d)

@2
x̄x̄�̄ =

n̄e � n̄i

�2
, (2e)

where the electron-ion mass ratio is introduced as " = me/mi ⌧ 1 and the ion-to-electron temperature ratio is
 = Ti0/Te0. The normalized ionization frequency reads ⌫̄iz = t0 ⌫iz(Te0).

We highlight the importance of the three nondimensional parameters ", �D, and , i.e., the electron-to-ion mass
ration, the normalized Debye length and the ion-to-electron temperature ratio. In Table 1, we present the typical
values in an Argon RF discharge. As discussed in the introduction, the smallness of the " and � impose very restrictive
numerical constraints. In the following section, we study the asymptotic behaviour when these two parameters tend
to zero.

2.2. Asymptotic behavior

We study the multiscale asymptotic behavior [61] with respect to " and �. Previous work [48, 46] performed this
study only with respect to the Debye length, �. However, the inclusion of " in the analysis is fundamental from
the physics point of view, as the electron velocity is generally much smaller than the thermal speed. Since " and �
are the smallest parameters of the system, we do not include  or ⌫̄iz in our study. Consequently, let us assume an
asymptotic ansatz of the form

f(x, t) = f (0,0)(x, t) + "f (1,0)(x, t) + �2f (0,1)(x, t) + "�2f (1,1)(x, t). (3)

This expansion allows us for studying separately the limits when the parameters �2 and " tend to zero independently.
From a physics point of view, this results in three di↵erent asymptotic behaviours that correspond to di↵erent plasma
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ration, the normalized Debye length and the ion-to-electron temperature ratio. In Table 1, we present the typical
values in an Argon RF discharge. As discussed in the introduction, the smallness of the " and � impose very restrictive
numerical constraints. In the following section, we study the asymptotic behaviour when these two parameters tend
to zero.

2.2. Asymptotic behavior

We study the multiscale asymptotic behavior [61] with respect to " and �. Previous work [48, 46] performed this
study only with respect to the Debye length, �. However, the inclusion of " in the analysis is fundamental from
the physics point of view, as the electron velocity is generally much smaller than the thermal speed. Since " and �
are the smallest parameters of the system, we do not include  or ⌫̄iz in our study. Consequently, let us assume an
asymptotic ansatz of the form
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As explained in [1], in most discharges these scales are much smaller than the ionization. Nevertheless, the elastic
collisions in low-pressure conditions do not impose a major di�culty from the numerical point of view and for that
reason are not the focus of the present work. Finally, the system is closed with the Poisson equation for the electric
potential. These equations are widely used in the plasma theory of waves [11, 60], in the derivation of the plasma
sheath theory [32, 33, 34] and global models in low-temperature RF discharges [1].
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where ne and ni stand for the electron and ion number density respectively, and ue and ui the electron and ion
velocities. The neutral number density nn is assumed to be constant. The electron-impact ionization rate coe�cient
is a function of the electron temperature, for instance through Arrhenius’ law, Kion(Te) = A exp[�"ion/(kBTe)],
where the quantity "ion is the ionization energy. Recombination is assumed to be negligible. The partial pressures
of the electron and ion fluids are assumed to obey the perfect gas law, pe = nekBTe and pi = nikBTi, where kB is
Boltzmann’s constant, and Te and Ti, the electron and ion constant temperatures, respectively.
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u0 ⌘ uB =
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distance, whereas the reference potential �0 = kBTe0/e is based on the thermal energy of electrons. The normalized
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iz, (2a)

@t̄n̄i + @x̄ · (n̄iūi) = n̄e⌫̄
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@t̄(n̄iūi) + @x̄ ·
⇥
n̄i

�
ū2
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ū2
e + "�1

�⇤
=

n̄e

"
@x̄�̄, (2c)
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Difficulties of the Euler/Poisson system:

• Explicit discretizations are unconditionally unstable.*
• Implicit discretizations are not well conditioned.
• Disparity of time-scales and stiff source terms.

*Sylvie Fabre, Stability analysis of the Euler-Poisson equations, J. Comp. Phys. 101, 445 (1992). 
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describe the operator splitting scheme and the well-balanced treatment of the ion source-terms while proving that
the acoustic step preserves the asymptotic behaviour. Fourth, we simulate a two-stream perturbation in thermal and
low-temperature plasmas. Finally, we self-consistently simulate a plasma sheath. The numerical scheme proves to
be accurate both in the quasi-neutral limit and when the sheaths are included in the computational domain.

2. Set of equations and asymptotic behaviour

We consider the isothermal plasma (ion + electrons) equations. The equations are obtained by taking the two first
moments of the kinetic equation for electrons and ions (see, e.g., [59] for a derivation). These moments correspond
to the mass and momentum balance laws for the two charged species. The system considers ionization reactions and,
in the present paper, we neglect the e↵ect of recombination and the elastic collisions in the momentum equations.
As explained in [1], in most discharges these scales are much smaller than the ionization. Nevertheless, the elastic
collisions in low-pressure conditions do not impose a major di�culty from the numerical point of view and for that
reason are not the focus of the present work. Finally, the system is closed with the Poisson equation for the electric
potential.

The equations in dimensional form read
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where ne and ni stand for the electron and ion number density respectively, and ue and ui the electron and ion
velocities. The neutral number density nn is assumed to be constant. The electron-impact ionization rate coe�cient
is a function of the electron temperature, for instance through Arrhenius’ law, Kion(Te) = A exp[�"ion/(kBTe)],
where the quantity "ion is the ionization energy. The partial pressures of the electron and ion fluids are assumed
to obey the perfect gas law, pe = nekBTe and pi = nikBTi, where kB is Boltzmann’s constant, and Te and Ti, the
electron and ion constant temperatures, respectively. The plasma is considered to be in thermal non-equilibrium,
i.e., Te 6= Ti.

2.1. Normalized equations

The set of equations (1a)-(1d) and (1e) are normalized by introducing some reference quantities: n0, the char-
acteristic number density common to electrons and ions, L0 = l, the reference length, Te0, the (constant) electron
temperature, and Ti0, the (constant) ion temperature. The rest of the reference variables are calculated as a com-
bination of the previous ones: the reference velocity common to electrons and ions is based on the Bohm velocity
u0 ⌘ uB =

p
kBTe0/mi, the charateristic time t0 = L0/u0 is obtained from the reference velocity and reference

distance, whereas the reference potential �0 = kBTe0/e is based on the thermal energy of electrons. The normalized
set of equations reads
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where the electron-ion mass ratio is introduced as " = me/mi ⌧ 1 and the ion-to-electron temperature ratio is
 = Ti0/Te0. The normalized ionization frequency reads ⌫̄iz = t0 ⌫iz(Te0).

We highlight the importance of the three nondimensional parameters ", �D, and , i.e., the electron-to-ion mass
ration, the normalized Debye length and the ion-to-electron temperature ratio. In Table 1, we present the typical
values in an Argon RF discharge. As discussed in the introduction, the smallness of the " and � impose very restrictive
numerical constraints. In the following section, we study the asymptotic behaviour when these two parameters tend
to zero.
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where ne and ni stand for the electron and ion number density respectively, and ue and ui the electron and ion
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where the quantity "ion is the ionization energy. The partial pressures of the electron and ion fluids are assumed
to obey the perfect gas law, pe = nekBTe and pi = nikBTi, where kB is Boltzmann’s constant, and Te and Ti, the
electron and ion constant temperatures, respectively. The plasma is considered to be in thermal non-equilibrium,
i.e., Te 6= Ti.

2.1. Normalized equations
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@t̄(n̄iūi) + @x̄ ·
⇥
n̄i

�
ū2
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where the electron-ion mass ratio is introduced as " = me/mi ⌧ 1 and the ion-to-electron temperature ratio is
 = Ti0/Te0. The normalized ionization frequency reads ⌫̄iz = t0 ⌫iz(Te0).

We highlight the importance of the three nondimensional parameters ", �D, and , i.e., the electron-to-ion mass
ration, the normalized Debye length and the ion-to-electron temperature ratio. In Table 1, we present the typical
values in an Argon RF discharge. As discussed in the introduction, the smallness of the " and � impose very restrictive
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describe the operator splitting scheme and the well-balanced treatment of the ion source-terms while proving that
the acoustic step preserves the asymptotic behaviour. Fourth, we simulate a two-stream perturbation in thermal and
low-temperature plasmas. Finally, we self-consistently simulate a plasma sheath. The numerical scheme proves to
be accurate both in the quasi-neutral limit and when the sheaths are included in the computational domain.
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moments of the kinetic equation for electrons and ions (see, e.g., [59] for a derivation). These moments correspond
to the mass and momentum balance laws for the two charged species. The system considers ionization reactions and,
in the present paper, we neglect the e↵ect of recombination and the elastic collisions in the momentum equations.
As explained in [1], in most discharges these scales are much smaller than the ionization. Nevertheless, the elastic
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where ne and ni stand for the electron and ion number density respectively, and ue and ui the electron and ion
velocities. The neutral number density nn is assumed to be constant. The electron-impact ionization rate coe�cient
is a function of the electron temperature, for instance through Arrhenius’ law, Kion(Te) = A exp[�"ion/(kBTe)],
where the quantity "ion is the ionization energy. The partial pressures of the electron and ion fluids are assumed
to obey the perfect gas law, pe = nekBTe and pi = nikBTi, where kB is Boltzmann’s constant, and Te and Ti, the
electron and ion constant temperatures, respectively. The plasma is considered to be in thermal non-equilibrium,
i.e., Te 6= Ti.

2.1. Normalized equations

The set of equations (1a)-(1d) and (1e) are normalized by introducing some reference quantities: n0, the char-
acteristic number density common to electrons and ions, L0 = l, the reference length, Te0, the (constant) electron
temperature, and Ti0, the (constant) ion temperature. The rest of the reference variables are calculated as a com-
bination of the previous ones: the reference velocity common to electrons and ions is based on the Bohm velocity
u0 ⌘ uB =
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where the electron-ion mass ratio is introduced as " = me/mi ⌧ 1 and the ion-to-electron temperature ratio is
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ration, the normalized Debye length and the ion-to-electron temperature ratio. In Table 1, we present the typical
values in an Argon RF discharge. As discussed in the introduction, the smallness of the " and � impose very restrictive
numerical constraints. In the following section, we study the asymptotic behaviour when these two parameters tend
to zero.

4

AP scheme for the low-temperature plasma fluid equations A. Alvarez Laguna et al.

describe the operator splitting scheme and the well-balanced treatment of the ion source-terms while proving that
the acoustic step preserves the asymptotic behaviour. Fourth, we simulate a two-stream perturbation in thermal and
low-temperature plasmas. Finally, we self-consistently simulate a plasma sheath. The numerical scheme proves to
be accurate both in the quasi-neutral limit and when the sheaths are included in the computational domain.
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where ne and ni stand for the electron and ion number density respectively, and ue and ui the electron and ion
velocities. The neutral number density nn is assumed to be constant. The electron-impact ionization rate coe�cient
is a function of the electron temperature, for instance through Arrhenius’ law, Kion(Te) = A exp[�"ion/(kBTe)],
where the quantity "ion is the ionization energy. The partial pressures of the electron and ion fluids are assumed
to obey the perfect gas law, pe = nekBTe and pi = nikBTi, where kB is Boltzmann’s constant, and Te and Ti, the
electron and ion constant temperatures, respectively. The plasma is considered to be in thermal non-equilibrium,
i.e., Te 6= Ti.

2.1. Normalized equations

The set of equations (1a)-(1d) and (1e) are normalized by introducing some reference quantities: n0, the char-
acteristic number density common to electrons and ions, L0 = l, the reference length, Te0, the (constant) electron
temperature, and Ti0, the (constant) ion temperature. The rest of the reference variables are calculated as a com-
bination of the previous ones: the reference velocity common to electrons and ions is based on the Bohm velocity
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@t̄(n̄eūe) + @x̄ ·
⇥
n̄e

�
ū2
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where the electron-ion mass ratio is introduced as " = me/mi ⌧ 1 and the ion-to-electron temperature ratio is
 = Ti0/Te0. The normalized ionization frequency reads ⌫̄iz = t0 ⌫iz(Te0).

We highlight the importance of the three nondimensional parameters ", �D, and , i.e., the electron-to-ion mass
ration, the normalized Debye length and the ion-to-electron temperature ratio. In Table 1, we present the typical
values in an Argon RF discharge. As discussed in the introduction, the smallness of the " and � impose very restrictive
numerical constraints. In the following section, we study the asymptotic behaviour when these two parameters tend
to zero.
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describe the operator splitting scheme and the well-balanced treatment of the ion source-terms while proving that
the acoustic step preserves the asymptotic behaviour. Fourth, we simulate a two-stream perturbation in thermal and
low-temperature plasmas. Finally, we self-consistently simulate a plasma sheath. The numerical scheme proves to
be accurate both in the quasi-neutral limit and when the sheaths are included in the computational domain.

2. Set of equations and asymptotic behaviour

We consider the isothermal plasma (ion + electrons) equations. The equations are obtained by taking the two first
moments of the kinetic equation for electrons and ions (see, e.g., [59] for a derivation). These moments correspond
to the mass and momentum balance laws for the two charged species. The system considers ionization reactions and,
in the present paper, we neglect the e↵ect of recombination and the elastic collisions in the momentum equations.
As explained in [1], in most discharges these scales are much smaller than the ionization. Nevertheless, the elastic
collisions in low-pressure conditions do not impose a major di�culty from the numerical point of view and for that
reason are not the focus of the present work. Finally, the system is closed with the Poisson equation for the electric
potential.

The equations in dimensional form read

@tne + @x · (neue) = nennKion, (1a)

@tni + @x · (niui) = nennKion, (1b)

me@t(neue) + @x · (meneue ⌦ ue + pe) = �neeE, (1c)

mi@t(niui) + @x · (miniui ⌦ ui + pi) = nieE, (1d)

@x · E =
ni � ne

✏0
e, (1e)

where ne and ni stand for the electron and ion number density respectively, and ue and ui the electron and ion
velocities. The neutral number density nn is assumed to be constant. The electron-impact ionization rate coe�cient
is a function of the electron temperature, for instance through Arrhenius’ law, Kion(Te) = A exp[�"ion/(kBTe)],
where the quantity "ion is the ionization energy. The partial pressures of the electron and ion fluids are assumed
to obey the perfect gas law, pe = nekBTe and pi = nikBTi, where kB is Boltzmann’s constant, and Te and Ti, the
electron and ion constant temperatures, respectively. The plasma is considered to be in thermal non-equilibrium,
i.e., Te 6= Ti.

2.1. Normalized equations

The set of equations (1a)-(1d) and (1e) are normalized by introducing some reference quantities: n0, the char-
acteristic number density common to electrons and ions, L0 = l, the reference length, Te0, the (constant) electron
temperature, and Ti0, the (constant) ion temperature. The rest of the reference variables are calculated as a com-
bination of the previous ones: the reference velocity common to electrons and ions is based on the Bohm velocity
u0 ⌘ uB =

p
kBTe0/mi, the charateristic time t0 = L0/u0 is obtained from the reference velocity and reference

distance, whereas the reference potential �0 = kBTe0/e is based on the thermal energy of electrons. The normalized
set of equations reads

@t̄n̄e + @x̄ · (n̄eūe) = n̄e⌫̄
iz, (2a)

@t̄n̄i + @x̄ · (n̄iūi) = n̄e⌫̄
iz, (2b)

@t̄(n̄eūe) + @x̄ ·
⇥
n̄e

�
ū2
e + "�1

�⇤
= "�1n̄e@x̄�̄, (2c)

@t̄(n̄iūi) + @x̄ ·
⇥
n̄i

�
ū2
i + 

�⇤
= �n̄i@x̄�̄, (2d)

@2
x̄x̄�̄ = µ�1(n̄e � n̄i), (2e)

where the electron-ion mass ratio is introduced as " = me/mi ⌧ 1 and the ion-to-electron temperature ratio is
 = Ti0/Te0. The normalized ionization frequency reads ⌫̄iz = t0 ⌫iz(Te0).

We highlight the importance of the three nondimensional parameters ", �D, and , i.e., the electron-to-ion mass
ration, the normalized Debye length and the ion-to-electron temperature ratio. In Table 1, we present the typical
values in an Argon RF discharge. As discussed in the introduction, the smallness of the " and � impose very restrictive
numerical constraints. In the following section, we study the asymptotic behaviour when these two parameters tend
to zero.
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in Hall thrusters [12, 13, 14, 15, 16, 17, 18]. Even though the electron inertial term is small in the electron momen-
tum equations, these instabilities cannot be explained without it. Similarly, electron inertia cannot be completely
neglected to fully explain the physics of sheaths [19], in electron sheaths and presheaths [20, 21], in plasma sheath
instabilities [22], Langmuir probes [23], in magnetized plasmas [24, 25, 26], and Hall thrusters [27, 28].

For that reason, in low-pressure discharges, alternative models to the drift-di↵usion approach are needed. Kinetic
simulations provide a very accurate description of the state of the plasma, but are computationally very expensive.
On the other hand, hybrid models [29, 30, 31] are a cheaper alternative that combines the fluid and the kinetic
description. However, both methods need to resolve the Debye length and the electron plasma frequency if the time
integration is explicit and the quasi-neutrality is not assumed.

In Table 1, we present characteristic conditions of a typical low-temperature low-pressure Argon plasma RF
discharge (from [1]). We first note that under these pressure conditions, the Knudsen number is of order one for
electrons and ten times smaller for ions. For that reason, the drift-di↵usion approximation would not be valid. On
the other hand, the kinetic phenomena might be important and transport models are needed to provide a closure for
the plasma fluid equations. The second important feature of Table 1 is related to the smallness of the electron-to-ion
mass ratio and the normalized Debye length. Explicit PIC methods, hybrid models or explicit multi-fluid models
require to resolve these scales in order to guarantee the stability of the scheme. However, if we consider an explicit 1D
simulation of the discharge of Table 1 that resolves the Debye length and the plasma frequency with ten spatial and
temporal points, the numerical set-up would need around 104 spatial points (in 1D) and 106 time steps to simulate
one transit time of an ion acoustic wave. Therefore, this set-up involves a significant computational cost for a 1D
simulation. Implicit methods can guarantee the numerical stability with larger time-steps. However, the Newton
method to solve the linear system can become also very expensive.

In the present work, we present a numerical method for the isothermal plasma fluid equations under collisionless
conditions. The model considers the two first moments of Vlasov equation for electrons and ions while assuming
both temperatures to be constant. The dynamics of the two fluids are coupled through the electric potential that
is calculated by the Poisson equation. These equations are widely used in the sheath theory [32, 33, 34] and in the
study of plasma waves [11]. Although kinetic phenomena play an important role in the plasma sheath [20], a fluid
model that does not assume quasi-neutrality can potentially capture the interaction between the macroscopic scales
and the sheaths. However, these small scales impose very restrictive numerical constraints. The proposed numerical
method allows for reducing the number of space and time points in an e�cient and accurate manner, without the
need of implicit methods.

In general, the multi-fluid plasma equations consider the electron inertial term in the electron momentum equation
and charge separation e↵ects. This is equivalent to considering a finite electron mass and a finite Debye length. As
mentioned before, this allows for representing plasma instabilities such as the two-stream or the drift waves and
charged regions of the plasma such as the sheaths. Nevertheless, both the electron mass and the Debye length are
two very small parameters as compared to the ion and macroscopic scales. Consequently, these small scales impose
very restrictive numerical constraints related to the resolution of the Debye length, the electron plasma waves, and the
electron acoustic waves. Consequently, due to these requirements, the time-steps and mesh sizes are not significantly
more advantageous than in the kinetic or hybrid approach. Moreover, the smallness of these parameters can lead to
very large discretization errors when they are not properly discretized (see [35]).

Table 1: Characteristic values of an Argon RF discharge at 1 Pa [1].

Dimensional quantities Dimensionless quantities

Neutral density nn 1.25⇥ 1020 m�3 Electron-to-ion mass ratio " = me/mi 1.36⇥ 10�5

Electron density ne,i 1016 m�3 Ion-to-electron temperature ration  = Ti/Te 0.025
Ion and neutral temperature Tn,i 0.05 eV Normalized Debye length µ = (�D/l)2 1.225⇥ 10�5

Electron temperature Te 2 eV Ionization level ne,i/nn 8⇥ 10�5

Distance between plates l 3 cm Electron Knudsen number Kne 1.7
Ion-neutral collisional cross section �in 10�18 m2 Ion Knudsen number Kni 0.17
Electron-neutral collisional cross section �en 10�19 m2 Normalized ionization rate ⌫̄iz 0.0139
Ionization constant Kion 8.16⇥ 10�18 m3s�1 Normalized electron collision rate ⌫̄e 153.8
Ionization potential "ion 17.44 eV Normalized ion collision rate ⌫̄i 0.94
Electron plasma period !�1

pe 1.77 · 10�10 s Normalized plasma period !̄�1
pe = !�1

pe uB/l 1.29 · 10�5

Numerical methods for the ideal multi-fluid equations coupled to Maxwell’s equations have been proposed by a
number of authors [36, 37, 38, 39, 40, 41, 42, 43], for the study of plasma sheaths [44], and for the study of plasma
expansion in vacuum with the isentropic electrostatic approximation [45, 46, 47, 48, 49]. The main di�culties of the
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Proposition 1 The system of equations that corresponds to lim
µ!0

µF 0 is the same as lim
"!0

0F " and it reads

0F 0 :

8
>>>>>>>><

>>>>>>>>:

n̄e = n̄i,

@t̄n̄i + @x̄ · (n̄iūi) = 0,

@x̄ · (n̄eūe) = @x̄ · (n̄iūi),

@t̄(n̄iūi) + @x̄ · (n̄iū
2
i + n̄i) = n̄i@x̄�̄,

@x̄�̄ =
1

n̄e
@x̄n̄e.

(3a)

(3b)

(3c)

(3d)

(3e)

Proof Let us consider the following system of equations that depend on two small parameters " and µ

µF " :

8
>>>>>>>><

>>>>>>>>:

@t̄n̄e + @x̄ · (n̄eūe) = 0,

@t̄n̄i + @x̄ · (n̄iūi) = 0,

@t̄(n̄eūe) + @x̄ ·
⇥
n̄e

�
ū2

e + "�1
�⇤

=
n̄e

"
@x̄�̄,

@t̄(n̄iūi) + @x̄ ·
⇥
n̄i

�
ū2

i + 
�⇤

= �n̄i@x̄�̄,

@2
x̄x̄�̄ = µ�1 (n̄e � n̄i) .

(4a)

(4b)

(4c)

(4d)

(4e)

In order to prove Proposition 1, we first propose the following expansion for the variables of the problem µF "

f(x, t) = f (0,µ) + "f (1,µ) + O("2). (5)

By injecting this expansion in the system of equations (4a)-(4e), we find that the system of equations for the zero-th
order terms reads

µF 0 :

8
>>>>>>>>>>>><

>>>>>>>>>>>>:

@tn̄
(0,µ)
e + @x̄ · (n̄(0,µ)

e n̄(0,µ)
i ) = 0,

@tn̄
(0,µ)
i + @x̄ · (n̄(0,µ)

i ū(0,µ)
i ) = 0,

1

n̄(0,µ)
e

@x̄n̄(0,µ)
e = @x̄�(0,µ),

@tn̄
(0,µ)
i + @x̄ ·

h
n̄(0,µ)

i

⇣
ū(0,µ)2

i + 
⌘i

= �n̄(0,µ)
i @x�(0,µ),

@2
x̄x̄�(0,µ) = µ�1

⇣
n̄(0,µ)

e � n̄(0,µ)
i

⌘
.

(6a)

(6b)

(6c)

(6d)

(6e)

We denote this system as µF 0.
Alternatively, we propose an expansion for the variables of the problem µF " in terms of µ of the form

f(x, t) = (",0)f + µ (",1)f + O(µ2). (7)

The system of equations corresponding to the zero-th order terms reads

0F " :

8
>>>>>>>>><

>>>>>>>>>:

@t
(",0)n̄e + @x̄ · ( (",0)n̄e

(",0)ūe) = 0,

@t
(",0)n̄i + @x̄ · ( (",0)n̄i

(",0)ūi) = 0,

@t
(",0)n̄e + @x̄ ·

h
(",0)n̄e

⇣
(",0)ū2

e + "�1
⌘i

= "�1 (",0)n̄e@x
(",0)�,

@t
(",0)n̄i

(",0)ūi + @x̄ ·

h
(",0)n̄i

⇣
(",0)ū2

i + 
⌘i

= �
(",0)n̄i@x

(",0)�,

(",0)n̄e = (",0)n̄i.

(8a)

(8b)

(8c)

(8d)

(8e)

We denote this system as 0F ".
We can use the expansion of eq. (7) for the problem µF 0 in order to study the problem F (0,0)

⌘ lim
µ!0

µF 0. The

system of equations for the zero-th order terms is very similar to system µF 0, with the di↵erence in the Poisson

6

Complete	problem

AP scheme for the low-temperature plasma fluid equations A. Alvarez Laguna et al.

equation, as shown below

F (0,0)
⌘ lim

µ!0

µF 0 :

8
>>>>>>>>>>><

>>>>>>>>>>>:

@tn̄
(0,0)
e + @x̄ · (n̄(0,0)

e n̄(0,0)
i ) = 0,

@tn̄
(0,0)
i + @x̄ · (n̄(0,0)

i ū(0,0)
i ) = 0,

1

n̄(0,0)
e

@x̄n̄
(0,0)
e = @x̄�

(0,0),

@tn̄
(0,0)
i + @x̄ ·

h
n̄(0,0)
i

⇣
ū(0,0)2

i + 
⌘i

= �n̄(0,0)
i @x�

(0,0),

n̄(0,0)
e = n̄(0,0)

i .

(9a)

(9b)

(9c)

(9d)

(9e)

By using the condition (9e) in eqs (9a) and (9b), we obtain that the fluxes are conserved, i.e., @x̄ · (n̄(0,0)
e n̄(0,0)

i ) =

@x̄ · (n̄(0,0)
i ū(0,0)

i ). This proves that the system F (0,0) is the system proposed as 0F 0 in eqs. (3).
Alternatively, we use the expansion of eq. (5) for the problem 0F ". The equations for the zero-th order terms

are denoted as (0,0)F ⌘ lim
"!0

0F ". In this new system of equations, the electron momentum equation is modified as

compared to the one in 0F ".

(0,0)F ⌘ lim
"!0

0F " :

8
>>>>>>>>>><

>>>>>>>>>>:

@t
(0,0)n̄e + @x̄ · ( (0,0)n̄e

(0,0)ūe) = 0,

@t
(0,0)n̄i + @x̄ · ( (0,0)n̄i

(0,0)ūi) = 0,

1
(0,0)n̄e

@x̄
(0,0)n̄e = @x

(0,0)�,

@t
(0,0)n̄i

(0,0)ūi + @x̄ ·

h
(0,0)n̄i

⇣
(0,0)ū2

i + 
⌘i

= �
(0,0)n̄i@x

(0,0)�,

(0,0)n̄e =
(0,0)n̄i.

(10a)

(10b)

(10c)

(10d)

(10e)

This system of equations is the same as the problem F (0,0). Consequently, in the case of periodic boundary conditions,
both limits result in the same system of equations (3a)-(3e).

The asymptotic behaviour proposed in this paper is very di↵erent as compared to the one derived in [49, 47]. By
including in our analysis the electron-to-ion mass ratio, we find that the quasi-neutrality is found in eq. (3a) and
the electron density follows the Boltzmann distribution in eq. (3e). Furthermore, the electric current is conserved by
equation (3d) and the ion mass and momentum equations are unchanged. The main di↵erence as compared to [47]
is the limit for the zero-th order of the potential in eq. (3e) and the electron momentum equation.

3. Standard upwind finite volume discretization

We present a standard discretization of the system (4) in order to illustrate the associated numerical di�culties.
An example of a simulation of a low-temperature discharge with this discretization can be found in Alvarez Laguna
et al. [35]. Alternatively, a similar discretization is described in [47] in order to illustrate a standard solver of the
Euler-Poisson system.

We use a finite volume discretization where the domain x 2 [0, l] is divided into N elements of equal length �x.
We approximate the value of the unknowns as a piecewise function inside the volume ⌦j . The flux on the interfaces
is approximated by a numerical flux function that is in general a function of the values on the right and left of the
cell interface. The source is approximated by a piecewise constant value. After making these assumptions, the first
order 1D finite volume discretization for the cell j reads

0

B@

n̄e

n̄eūe

n̄i

n̄iūi

1

CA

n+1

j

=

0

B@

n̄e

n̄eūe

n̄i

n̄iūi

1

CA

n

j

�
�t

�x

2

664

0

B@

n̄eūe

n̄e(ū2
e + "�1)
n̄iūi

n̄i(ū2
i + )

1

CA

n

j+1/2

�

0

B@

n̄eūe

n̄e(ū2
e + "�1)
n̄iūi

n̄i(ū2
i + )

1

CA

n

j�1/2

3

775+�t

0

BB@

(n̄e⌫̄iz)
n̄e"�1@x̄�̄
n̄e⌫̄iz

�n̄i@x̄�̄

1

CCA

n

j

(11)
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2.2. Asymptotic behavior

We study the multiscale asymptotic behavior [60] with respect to " and �. Previous work [49, 47] performed
this study only with respect to the Debye length, �. However, the inclusion of " in the analysis is fundamental as
the electron velocity is generally much smaller than the thermal speed of electrons. Since " and � are the smallest
parameters of the system, we do not include  or ⌫̄iz in our study. For the sake of simplicity of notation, in the
following we define the scalar µ ⌘ �2. This parameter will be used in the asymptotic expansion.

From a physics point of view, we can consider three di↵erent asymptotic behaviours that correspond to di↵erent
plasma phenomena, as illustrated in Fig. 1. The complete problem µF " correspond to the system of eqs. (4). The
system considers finite Debye length and electron inertia. This problem resolves all the possible scales, being the
fastest one this corresponding to the electron plasma waves. The main problem of designing a numerical scheme for
these small scales is that it might be very ine�cient and can lead to consistency problems due to an imbalanced
numerical dissipation when the two parameters are small.

The regime where the Debye length tends to zero for arbitrarily small " corresponds to a quasineutral plasma
with the electrons that can move at bulk speed closer to the electron thermal velocity. This problem is of interest
specially in the presence of a magnetic field that can produce drift motions at very high speed, such as in Hall e↵ect
thrusters. This regime allows for the representation of plasma instabilities such as the two-stream instability or the
electron-drift instability. We denote this problem as 0F ".

Alternatively, we can consider the asymptotic behaviour of " ! 0 for a finite Debye length. In this regime, the
electrons move at speeds comparable to the ion sound velocity (Bohm’s velocity) and the Debye length is arbitrarily
small. This regime is important, for instance, in the plasma-sheath transition. We denote this problem as µF 0.

Finally, we consider the asymptotic limit where the electrons travel at speeds comparable to the ion velocity in a
quasi-neutral plasma, i.e., " ! 0 and µ ! 0 This behaviour is present in most of the phenomena occuring at ion scales
in cold and thermal plasmas. For that reason it is the subject of our study in this paper. We denote the problem
as 0F 0. In the following, we show the set of equations corresponding to the problem 0F 0 and we demonstrate that
lim
µ!0

µF 0 = lim
"!0

0F "
⌘

0F 0 in the case of periodic boundary conditions.

! → 0 ! → 0

$ → 0
e.g., electron plasma waves, 

sheaths

Complete	problem

%&,(
e.g., plasma-sheath transition

Massless electrons with
finite Debye	length

)(*

e.g., electrostatic waves
(two-stream, drift-wave instability) 

Quasi-neutral plasma	with
finite electron inertia

+*&
e.g., most of the plasma 
phenomena at ion scales

Quasi-neutral plasma	with
massless electrons

%*,*
$ → 0

Figure 1: Asymptotic behaviour of the electrostatic isothermal multi-fluid plasma equations. Note that the parameter

µ = �2
.

Let us consider the system of equations (4a)-(4e) with periodic boundary conditions, which we denote as the
problem µF ". We consider two di↵erent asymptotic expansions for the problem F",µ: (1) In terms of the small
parameter " and (2) in terms of the small parameter µ. We define the problem µF 0 as the system of equations for
the zero-th order terms of the expansion in terms of ". Similarly, we define 0F " as the the system of equations for
the zero-th order terms of the expansion in terms of µ.

5

𝜺 → 𝟎 and 𝝁 → 𝟎

• Charge neutrality and		massless electrons (Boltzmann electrons) are	two asymptotic
limits of	the system.

• Formally,	we have an elliptic relation to	compute	the electric potential from the electron
density.
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with

�̄n+1
j+1 � 2�̄n+1

j + �̄n+1
j�1 =

�x2

�2

⇣
n̄n
ej � n̄n

ij

⌘
and @x̄�̄

n
j =

1

2�x

�
�̄n
j+1 � �̄n

j�1

�
. (12)

The numerical fluxes at the interfaces can be calculated with di↵erent Riemann solvers, e.g., Roe as in [35], Lax-
Friedrich as in [47] or HLL as in the results of this paper using the standard discretization. We note here that the
election of the Riemann solver for this problem has a small impact in the results as the numerical dissipation is
dominated by the low-Mach regime of electrons, as it will be shown in the results. TVD reconstruction can improve
the results of the standard discretization as shown in [47, 35].

The stability of the time discretization is restricted by a CFL condition that takes into account the convective
scales of both fluids and the characteristic time scales of the source terms. The convective CFL reads

CFLconv =
�t|�e,i

max|

�x
with |�e,i

max| = max (|ūe,i + c̄e,i|, |ūe,i � c̄e,i|) . (13)

Where c̄e,i is the dimensionless speed of sound of electrons and ions, i.e., "�1/2 and 1/2, respectively. Note that due
to the mass disparity between ions and electrons, the CFL condition of the electrons is typically more restrictive than
this of the ions. Therefore, the convective CFL condition of electrons uses the maximum eigenvalues of electrons
that are |�e

max| = max
�
|ūe + "�1/2

|, |ūe � "�1/2
|
�
. Similarly, the source terms impose a constraint in the time step.

The CFL condition for the electrostatic force is related to the resolution of the electron plasma wave

CFLelec = �t !pe with !pe =

r
n̄e

�2"
. (14)

Finally, the ionization term has the CFL as follows

CFLiz = �t ⌫iz. (15)

The CFL condition reads
max

⇣
CFLconv, CFLelec, CFLiz

⌘

i2N
< 1. (16)

As it can be seen in Table 1, if the cell size is larger than the Debye length, the most restrictive constraint is the
resolution of the electron plasma waves. If the Debye length is resolved, then the convective condition is su�cient to
fulfil the condition �t < !�1

pe . As shown in [35, 61], when this scheme does not spatially resolve the Debye length,
the simulation leads to large spurious charge separation errors that can excite plasma modes, leading to an erroneous
solution. Similarly, the truncation error of the upwind discretization of the fluxes of the electrons leads to a large
error in the flux of the electrons. As it will be shown in the results and previously noted in [45, 47], this is due to
the low-Mach regime of the electron when the bulk speed is much smaller than the thermal speed.

4. Acoustic/transport operator splitting strategy

We present an alternative to the standard discretization of section 3. We present a novel splitting strategy based
on the work of Chalons et al. [54] to the plasma fluid equations. Analogously, we propose to approximate the system
of equations (4a)-(4e) in the successive solution of the following systems. The first step solves for the electron acoustic
system together with the Poisson equation and the second solves for the electron transport (advection) and the ion
equations. It should be noted that the first system contains the small scales related to the parameters " and �,
whereas the second system solves for the slow dynamics, of order O(1), as explained in Section 2.2.

Electron acoustic and electrostatic system.

@t̄n̄e + n̄e@x̄ · ūe = 0, (17a)

@t̄(n̄eūe) + n̄eūe@x̄ · ūe + @x̄p̄e =
n̄e

"
@x̄�̄, (17b)

@2
x̄x̄�̄ =

n̄e � n̄i

�2
, (17c)
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Electron transport and ion dynamics.

@t̄n̄e + ūe · @x̄n̄e = n̄e⌫̄
iz, (18a)

@t̄(n̄eūe) + ūe · @x̄(n̄eūe) = 0, (18b)

@t̄n̄i + @x̄ · (n̄iūi) = n̄e⌫̄
iz, (18c)

@t̄(n̄iūi) + @x̄ ·
⇥
n̄i

�
ū2
i + 

�⇤
= �n̄i@x̄�̄, (18d)

where p̄e = "�1n̄e, in eq. (17b).

Strategy to solve the equations
Given a state at the time (n̄e, n̄eūe, n̄i, n̄iūi, �̄)nj at the time tn and the cell center xj . The scheme is split into

1. By numerically solving the system (17), we update the state (n̄e, n̄eūe, �̄)nj to the value at tn+1� , i.e., (n̄e, n̄eūe, �̄)
n+1�
j .

2. By numerically solving the system (18), we update the state (n̄e, n̄eūe, n̄i, n̄iūi, �̄)
n+1�
j to the value tn+1, i.e.,

(n̄e, n̄eūe, n̄i, n̄iūi, �̄)
n+1
j .

In the following, we present the properties and description of the two steps of the numerical scheme.

4.1. Properties and discretization of the electron acoustic and electrostatic system

The system eq. (17) can be written in conservative form, i.e., the compression terms written as fluxes. To do this,
we define the variable ⌧e ⌘ 1/ne. In this variable, the problem (17) reads

@t̄⌧e � ⌧e@x̄ · ūe = 0, (19a)

@t̄ūe + ⌧e@x̄p̄e =
1

"
@x̄�̄, (19b)

�2@2
x̄x̄�̄ =

1

⌧e
� n̄i. (19c)

We approximate ⌧e(x, t)@x̄ by the solution at time tn, i.e., ⌧e(x, tn)@x̄. We define dm = ne(n, tn)dx. By using this
new variable, we obtain the following system of equations for the electrons

@t̄⌧e � @m · ūe = 0, (20a)

@t̄ūe + @mp̄e =
1

"
@x̄�̄. (20b)

The left-hand-side of the system is conservative in this new variable. The eigenvalues of the homogeneous system
are �acous = (ce,�ce). For that reason, the system is called acoustic. Note that the source term in equation (20b) is
still with the previous spacial variable x. As this term cannot be written in conservative form in the variable m, it
will be treated in the discretization as a source term.

4.1.1. Discretization of the electron acoustic and electrostatic system
The system (20) with Poisson’s equation (eq. (19c)) will be discretized in time by using a semi-implicit discretiza-

tion. In this approach, we want to discretize the Lorentz force in the electrons and the electron density in Poisson’s
equation implicitly, as follows

⌧
n+1�
e � ⌧ne

�t
� [@m · ūe]

n+1� = 0, (21a)

ū
n+1�
e � ūn

e

�t
+ [@mp̄e]

n =
1

"

⇥
@x̄�̄

⇤n+1� . (21b)

�2
⇥
@2
x̄x̄�̄

⇤n+1� =
1

⌧
n+1�
e

� n̄n
i . (21c)
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⌘
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n
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�
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j�1

�
. (12)

The numerical fluxes at the interfaces can be calculated with di↵erent Riemann solvers, e.g., Roe as in [35], Lax-
Friedrich as in [47] or HLL as in the results of this paper using the standard discretization. We note here that the
election of the Riemann solver for this problem has a small impact in the results as the numerical dissipation is
dominated by the low-Mach regime of electrons, as it will be shown in the results. TVD reconstruction can improve
the results of the standard discretization as shown in [47, 35].
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As it can be seen in Table 1, if the cell size is larger than the Debye length, the most restrictive constraint is the
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The left-hand-side of the system is conservative in this new variable. The eigenvalues of the homogeneous system
are �acous = (ce,�ce). For that reason, the system is called acoustic. Note that the source term in equation (20b) is
still with the previous spacial variable x. As this term cannot be written in conservative form in the variable m, it
will be treated in the discretization as a source term.

4.1.1. Discretization of the electron acoustic and electrostatic system
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We propose to	solve the system of	equations as	the succesive solution of	the two following systems:	

Slow	dynamics:	Ion	dynamics	+	electron	advection

Δ𝑥 ≤ 𝜇

µ

0

0
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Two-stream perturbation in an isothermal plasma

ne, niue

Small periodic perturbation
(in the stable regime)

𝟏𝟎𝟒 Debye 
lengths 14

• We choose a case with 𝜀 = 10!", 𝜇 = 10!#, resolved with 100 cells and CFL = 0.7

Alvarez Laguna et al., JCP (2020)



Two-stream perturbation in an isothermal plasma

Standard discretization Asymptotic-preserving discretization

14

• We choose a case with 𝜀 = 10!", 𝜇 = 10!#, resolved with 100 cells and CFL = 0.7

Alvarez Laguna et al., JCP (2020)



Two-stream perturbation in an isothermal plasma
• We choose a case with 𝜀 = 10!", 𝜇 = 10!#, resolved with 100 cells and CFL = 0.7

Standard discretization Asymptotic-preserving discretization

14
Alvarez Laguna et al., JCP (2020)



“Collisionless” isothermal Euler/full Maxwell’s equations

Electron density:

Electron momentum:

Ion density:

Ion momentum:

Maxwell’s equations:

non-dimensional	numbers

Mass ratio: 𝜀 = $𝔢
$𝔦

Temperature ratio 𝜅 = '𝔦
'𝔢

Debye length 𝜇 = )%
*&

(

Magnetization 𝛽( = +&,&
-&

Relativistic regime 𝛼( = +&
.

15

𝜕(𝑛) + 𝜕* ⋅ 𝑛)𝑢) = 0

𝜕((𝑛)𝑢)) + 𝜕* ⋅ 𝑛)𝑢)$ + 𝑛)𝜀" = 𝜀"(𝑛)𝜕*𝜙 − 𝛽$𝑢)×𝐵)

𝜕(𝑛+ + 𝜕* ⋅ 𝑛+𝑢+ = 0

𝜕((𝑛+𝑢+) + 𝜕* ⋅ 𝑛+𝑢+$ + 𝑛+𝜅 = (−𝑛+𝜕*𝜙 + 𝛽$𝑢+×𝐵)

𝛽$𝜕(𝐵 + 𝜕*× 𝐸 = 0

𝜇 (𝛼$𝜕(𝐸 − 𝛽$𝜕*× 𝐵) = 𝛼$ (𝑛)𝑢) − 𝑛+𝑢+)

𝜕* ⋅ 𝐵 = 0

𝜇 𝜕**𝜙 = (𝑛) − 𝑛+)

More info: Alvarez Laguna et al., CPC (2018)



Ion Momentum

Electron Momentum

Example: Magnetized plasma

Alvarez Laguna et al., CPC (2018)



Ion Temperature

Electron Temperature

Example: Magnetized plasma

Alvarez Laguna et al., CPC (2018)



Summary and conclusions to this section:

• The	moment	plasma	equations have	the	disadvantage to	have	very restricting constraints and	numerical stability
issues

• Stiffness related to	the	fast dynamics of	the	electron equations and	the	electrostatic and	electromagnetic modes:

• Plasma	wave (related to	quasi-neutrality)
• Speed	of	light	(in	electro-magnetic solvers)

• We propose	an	asymptotic-preserving scheme based on	the	Lagrange-projection	operator splitting and	a	fully-
implicit well-balanced discretization.
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We propose a Grad’s closure with the following number of moments

Moment weights:

Fluid variables

Distribution function:
(Grad’s (1949))

Grad’s method: Derivation of the equations

Maxwellian Polynomial Expansion

Coefficients?
𝑎, 𝐴$, 𝐵, 𝐷$, 𝐸

Mass
(1 eq.)

Momentum
(3 eq.)

Energy
(1 eq.)

Heat Flux
(3 eq.)

Total = (9 eqs.)
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of mass, momentum, energy, viscosity, and heat-flux) has a Maxwellian EEDF as the

tensor Bii, which is related to the viscosity, is traceless and Eiijj is nil. Therefore, only

moment models considering moments higher the heat-flux are able to capture deviations

in the EEDF. Similarly, in the maximum entropy model, only moments considering the

fourth-order moment (e.g., 14-Moment model) are able to capture the depletion at high-

energies.

In the following, we will derive a model that considers the evolution of the fourth-

order moment within the Grad’s model. This moment is related to the kurtosis of

the distribution function and is fundamental in order to represent the physics in low-

temperature plasmas. Despite the maximum-entropy model has properties that are

advantageous with respect to Grad’s model, the derivation of the collisional closure can

be both computationally and analytically very di�cult with respect to Grad’s method.

Nevertheless, their properties as well as its relation to Grad’s method will be exploited

in the results. Similarly, we will consider a model where the anisotropies in the pressure

tensor, i.e., electron viscosity, are neglected as compared to the isotropic deviations in

the EEDF. Future work will tackle the closure of the viscosity terms, including the

fourth moment equations.

3. A Grad’s model including the fourth-order moment

3.1. High-order moment model system of equations

As discussed in the previous sections, we will consider a model with a transport equation

that considers the isotropic part of the fourth-order moment. For this purpose, our

moment model considers the following weights into the transfer equation (Eq. (4)),

 =
⇣
me, mev,

me

2
c2e ,

me

2
c2ece,

me

2
c4e

⌘T

. (11)

With these weights, the macroscopic state of the plasma is characterized by the nine

fields of particle density ne, hydrodynamic velocity uei , isotropic pressure pe, heat flux

vector qe, and the contracted fourth moment peiijj , where the subindices i, j refer to the

directions following the Einstein notation. These fields are defined with the distribution

function as follows,

ne =

Z

1
fedv, ⇢euei =

Z

1
mevifedv, pe =

1

3

Z

1
mec

2
efedv, (12)

qei =
1

2

Z

1
mec

2
e ceifedv, and peiijj =

1

2

Z

1
mec

4
efedv.

The system of transport equations is obtained by introducing the weights (11) in

Contracted fourth-
moment
(1 eq.)
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the transfer equation (4). The equations read

@ne

@t
+

@

@xi
neuei = ṅe, (13)

me
@

@t
neuei +

@

@xj

�
meneueiuej + pe�ij

�
= �eneEi +Ri, (14)

3

2

@pe
@t

+
@

@xk

✓
qek +

3

2
peuek

◆
+ pe

@uek

@xk
= Q, (15)

@qei
@t

+
@

@xj

�
reij + qeiuej

�
+ reijk

@uek

@xj
+ qej

@uei

@xj
�

5

2

pe
⇢e

@pe
@xj

�ij = �
5

2

pe
me

eEi +Rhf
i , (16)

@

@t
peiijj +

@

@xk

�
reiijjk + peiijjuek

�
+ 8reij

@uei

@xj
� 8

qei
⇢e

@pe
@xj

�ij = �4
qek
me

eEk +Q(4). (17)

Here, new fluxes appear in the equations that are defined as

reijk =
1

2

Z

1
meceicejcekfedv, reij =

1

2

Z

1
mec

2
e ceicejfedv, and reiijjk =

1

2

Z

1
mec

4
e cekfedv.

(18)

These fluxes will be computed with the expression of the Grad’s distribution function,

as explained earlier. Additionally, in the right-hand-side of the equation, we have the

production terms resulting from collisions, i.e., ṅe, ~R, Qeg, ~Rhf , and Q(4). In section

sect, we will derive these terms by introducing the Grad’s distribution function and the

collisional operator for electron-gas elastic and inelastic collisions as well as electron-

electron elastic collisions.

3.2. Determination of the Grad’s expansion distribution function and closure fluxes

We consider the Grad’s expansion for nine moments,

f (9M)(ci) = f (M)
e (ci)

�
1 + a+ Aicei +Bc2e +Dic

2
e cei + Ec4e

�
, (19)

where f (M)
e is the Maxwellian distribution function, as defined in Eq. (25).

Before computing the coe�cients, we will analyze the definition of the fourth

moment for a Maxwellian distribution function, which reads

p(M)
eiijj =

1

2

Z

1
mec

4
ef

(M)
e dv =

15

2

p2e
⇢e
. (20)

As done previously in Kremer, we define a new nondimensional variable for the fourth

moment. The variable measures the deviation of the fourth moment with respect to the

Maxwellian, which defined as,

�e =
peiijj � p(M)

eiijj

p(M)
eiijj

=
2

15

⇢e
p2e

Z

1
mec

4
e

�
fe � f (M)

e

�
dv (21)

This definition will be very important in the following as it will help us to measure the

kurtosis of the distribution function and, consequently, the deviations of the EEDF from

a Maxwellian distribution.

Deviation of fourth mom from 
Maxwellian (excess kurtosis)

f (8M)
↵ = n↵

✓
m↵

2⇡eT↵

◆3/2

exp

✓
�m↵C2

2eT↵

◆
{a+ biCi + cC2 + diCiC

2}
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These fluxes will be computed with the expression of the Grad’s distribution function,

as explained earlier. Additionally, in the right-hand-side of the equation, we have the

production terms resulting from collisions, i.e., ṅe, ~R, Qeg, ~Rhf , and Q(4). In section

sect, we will derive these terms by introducing the Grad’s distribution function and the

collisional operator for electron-gas elastic and inelastic collisions as well as electron-

electron elastic collisions.

3.2. Determination of the Grad’s expansion distribution function and closure fluxes

We consider the Grad’s expansion for nine moments,
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where f (M)
e is the Maxwellian distribution function, as defined in Eq. (25).

Before computing the coe�cients, we will analyze the definition of the fourth

moment for a Maxwellian distribution function, which reads
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As done previously in Kremer, we define a new nondimensional variable for the fourth

moment. The variable measures the deviation of the fourth moment with respect to the

Maxwellian, which defined as,
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This definition will be very important in the following as it will help us to measure the

kurtosis of the distribution function and, consequently, the deviations of the EEDF from

a Maxwellian distribution.
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These fluxes will be computed with the expression of the Grad’s distribution function,

as explained earlier. Additionally, in the right-hand-side of the equation, we have the

production terms resulting from collisions, i.e., ṅe, ~R, Qeg, ~Rhf , and Q(4). In section

sect, we will derive these terms by introducing the Grad’s distribution function and the

collisional operator for electron-gas elastic and inelastic collisions as well as electron-

electron elastic collisions.

3.2. Determination of the Grad’s expansion distribution function and closure fluxes

We consider the Grad’s expansion for nine moments,

f (9M)(ci) = f (M)
e (ci)
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2
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, (19)

where f (M)
e is the Maxwellian distribution function, as defined in Eq. (25).

Before computing the coe�cients, we will analyze the definition of the fourth

moment for a Maxwellian distribution function, which reads
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As done previously in Kremer, we define a new nondimensional variable for the fourth

moment. The variable measures the deviation of the fourth moment with respect to the

Maxwellian, which defined as,
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This definition will be very important in the following as it will help us to measure the

kurtosis of the distribution function and, consequently, the deviations of the EEDF from

a Maxwellian distribution.
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Analysis of non-equilibrium distribution function
Grad’s expansion: Maxwellian distribution        + perturbation fe(~x,~v, t) = f (0)

e {a+ aiCi + aijCiCj + bijkCiCjCk + bijklCiCjCkCl + ...}

fe(~x,~v, t) = f (0)
e

⇢
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15

8
�)� 4�2
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2
�C2 +
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5⇢
qi�C

2Ci +
�2

2
�C4

�
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High-moment closure for electrons 11

Figure 3. Example of EVDF and EEPF with di↵erent qe and �e for a temperature
Te = 4 eV and density ne = 1017 m�3. �e < 0 corresponds to Druyvesteyn-
like distribution functions, whereas �e > 0 corresponds to two-temperature like
distributions.

impaction ionization collisions with the gas and elastic collisions between electrons.

Consequently, we will write the production terms in Eqs. (11)-(15) as the sum of the

contribution of the di↵erent collisional processes, which yields,

ṅe = ṅ(iz)
e , R = R(el)

eg , Q = Q(el)
eg +Q(inel)

eg , (22)

Rhf = Rhf,(el)
eg +Rhf,(el)

ee , Q(4) = Q4,(el)
eg +Q4,(inel)

eg +Q4,(el)
ee .

Note that the only contribution for the electron mass production is a result of

the ionization collisions. As the electron-electron elastic collision conserves mass,

momentum, and energy, their contribution appears only in the production of heat-

flux and fourth moment. The electron-neutral elastic collisions conserve mass, so they

exchange momentum, energy, heat-flux, and kurtosis. Finally, as the inelastic collisions

are less frequent than the elastic collisions, their contribution to the anisotropic moments

(momentum and heat-flux) is neglected with respect to the elastic ones, as done in the

two-term Boltzmann approach [22]. Alternatively, their contribution to the isotropic

part of the distribution function, i.e., energy and kurtosis losses, will be taken into

account.

As usually done in low-temperature plasmas, we consider the neutral gas to be a

Maxwellian at a di↵erent temperature than electrons, i.e.,

f (M)
g (vg,x, t) = ng

✓
�g

⇡
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��gv

2
g

�
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mg

2eTg
. (23)

3.3.1. Electron-gas elastic collisions In the kinetic equation, we consider the following

Boltzmann collisional operator for the electron-gas collisions,
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Z Z �
f 0
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0
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�
g�d⌦dvg. (24)

Here, the tilde denotes for the quantities after the collision, the velocity di↵erence is

g = |ve � vg|, the solid angle of the collisions is d⌦ = sin�d�d' with � the scattering

The VDF depends on 5 fluid quantities
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Comparison with experiments: Different positions
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Inductive Argon discharge
• p = 1mTorr
• P = 200W

*Aanesland, Ane & Bredin, Jérôme & Chabert, Pascal. (2014). Plasma Sources Science and Technology. 23. 044003.

𝑛$ = 3.14 ⋅ 10%&𝑚'

𝑇$ = 4.54 𝑒𝑉

𝑛$ = 7.17 ⋅ 10%(𝑚'

𝑇$ = 3.81 𝑒𝑉

𝑛$ = 2.24 ⋅ 10%&𝑚'

𝑇$ = 4.16 𝑒𝑉

Fit

𝑛$ = 2.97 ⋅ 10%&𝑚'

𝑇$ = 3.97 𝑒𝑉
Δ$ = −0.144

𝑛$ = 2.11 ⋅ 10%&𝑚'

𝑇$ = 3.58 𝑒𝑉
Δ$ = −0.16

𝑛$ = 6.5 ⋅ 10%(𝑚'

𝑇$ = 3.04 𝑒𝑉
Δ$ = −0.26

• Maxwellian EEDF 
overestimates the temperature 
and the density

• The EEDF with the 4th moment 
is able to fit the experimental 
measurements

• The deviation from Maxwellian
of the fourth moment is small, 
i.e., |Δ,| < 1

We compare the Grad’s EEDF to the experiments:
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Derivation of collisional source terms: Elastic Collisions

Momentum exchange:

Energy exchange:

Fourth-moment exchange:

Heat-Flux exchange:

Plasma discharge 11

skewness perturbation of the distribution function (with the superscript skew). Note

that perturbations of the EEDF, i.e., kurtosis, will have an impact in the collisional

frequencies.

The production of momentum reads

R(el)
eg = �mene⌫

(fr,1)
eg ue � ne⌫

(skew,1)
eg

qe

pe
(29)

Note that the first term is the frictional force and the second is the so-called “thermal”

force, also known as Soret e↵ect, which represents the transport of momentum due to

deviations of the skewness of the distribution function. When the plasma is highly

collisional, the heat-flux can be expressed as a function of the temperature gradients

[7, 6, 2] and hence the name “thermal friction”. The collisional frequencies depend on

Te and �e and the integration of the momentum cross-section in the electron energy.

The analytical expressions are given at the end of this subsection and shown in Fig. 4.

The energy exchange reads
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(kurt,2)
eg �eeTg � ne⌫
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· ue (30)

The first term represents the relaxation of temperatures due to the collisions, that is

corrected by the second term, proportional to�e due to the kurtosis of the EEDF (which

magnitude is much smaller than the first term for Te � Tg). The third term is related

to the heating due to the heat-flux, as in Braginskii.

The heat-flux exchange reads

RhF,(el)
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Finally, the exchange of fourth moment reads,
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The collisional frequencies, which are proportional to the neutral density, read
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Frictional force Soret effect
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skewness perturbation of the distribution function (with the superscript skew). Note

that perturbations of the EEDF, i.e., kurtosis, will have an impact in the collisional

frequencies.

The production of momentum reads

R(el)
eg = �mene⌫

(fr,1)
eg ue � ne⌫

(skew,1)
eg

qe

pe
(29)

Note that the first term is the frictional force and the second is the so-called “thermal”

force, also known as Soret e↵ect, which represents the transport of momentum due to

deviations of the skewness of the distribution function. When the plasma is highly

collisional, the heat-flux can be expressed as a function of the temperature gradients

[7, 6, 2] and hence the name “thermal friction”. The collisional frequencies depend on

Te and �e and the integration of the momentum cross-section in the electron energy.

The analytical expressions are given at the end of this subsection and shown in Fig. 4.

The energy exchange reads
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The first term represents the relaxation of temperatures due to the collisions, that is

corrected by the second term, proportional to�e due to the kurtosis of the EEDF (which

magnitude is much smaller than the first term for Te � Tg). The third term is related

to the heating due to the heat-flux, as in Braginskii.

The heat-flux exchange reads
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eg eTeue � ⌫(skew,3)

eg qe (31)

Finally, the exchange of fourth moment reads,
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Kurtosis correctionTemp. relaxation Effect of skewness
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skewness perturbation of the distribution function (with the superscript skew). Note

that perturbations of the EEDF, i.e., kurtosis, will have an impact in the collisional

frequencies.

The production of momentum reads

R(el)
eg = �mene⌫

(fr,1)
eg ue � ne⌫

(skew,1)
eg

qe

pe
(29)

Note that the first term is the frictional force and the second is the so-called “thermal”

force, also known as Soret e↵ect, which represents the transport of momentum due to

deviations of the skewness of the distribution function. When the plasma is highly

collisional, the heat-flux can be expressed as a function of the temperature gradients

[7, 6, 2] and hence the name “thermal friction”. The collisional frequencies depend on

Te and �e and the integration of the momentum cross-section in the electron energy.

The analytical expressions are given at the end of this subsection and shown in Fig. 4.

The energy exchange reads
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The first term represents the relaxation of temperatures due to the collisions, that is

corrected by the second term, proportional to�e due to the kurtosis of the EEDF (which

magnitude is much smaller than the first term for Te � Tg). The third term is related

to the heating due to the heat-flux, as in Braginskii.

The heat-flux exchange reads
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Finally, the exchange of fourth moment reads,
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The collisional frequencies, which are proportional to the neutral density, read
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Dufour effect Skewness relaxation
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skewness perturbation of the distribution function (with the superscript skew). Note

that perturbations of the EEDF, i.e., kurtosis, will have an impact in the collisional

frequencies.

The production of momentum reads

R(el)
eg = �mene⌫

(fr,1)
eg ue � ne⌫
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eg

qe

pe
(29)

Note that the first term is the frictional force and the second is the so-called “thermal”

force, also known as Soret e↵ect, which represents the transport of momentum due to

deviations of the skewness of the distribution function. When the plasma is highly

collisional, the heat-flux can be expressed as a function of the temperature gradients

[7, 6, 2] and hence the name “thermal friction”. The collisional frequencies depend on

Te and �e and the integration of the momentum cross-section in the electron energy.

The analytical expressions are given at the end of this subsection and shown in Fig. 4.

The energy exchange reads
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The first term represents the relaxation of temperatures due to the collisions, that is

corrected by the second term, proportional to�e due to the kurtosis of the EEDF (which

magnitude is much smaller than the first term for Te � Tg). The third term is related

to the heating due to the heat-flux, as in Braginskii.

The heat-flux exchange reads
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Finally, the exchange of fourth moment reads,
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The collisional frequencies, which are proportional to the neutral density, read
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Note that the only contribution for the electron mass production comes from

the ionization collisions. As the electron-electron elastic collision conserves mass,

momentum, and energy, their contribution appears only in the production of heat-

flux and fourth moment. The electron-neutral elastic collisions conserve mass, so they

exchange momentum, energy, heat-flux, and kurtosis. Finally, as the inelastic collisions

are less frequent than the elastic collisions, their contribution to the anisotropic moments

(momentum and heat-flux) is negligible with respect to the elastic ones. On the other

hand, as they loose a large amount of energy, their contribution to the energy and

kurtosis losses will be taken into account.

As usually done in low-temperature plasmas, we consider the neutral gas to be a

Maxwellian at a di↵erent temperature than electrons,i.e.,

f (M)
g (vg,x, t) = ng

✓
�g
⇡

◆3/2

exp
�
��gv

2
g

�
with �g =

mg

2eTg
. (25)

3.3.1. Electron-gas elastic collisions In the kinetic equation, we consider the following

Boltzmann collisional operator for the electron-gas collisions,

�fe
�t

����
eg

=

Z Z �
f 0
ef

0
g � fefg

�
g�d⌦dvg, (26)

rpe = �eneE �mene⌫mue, (27)

rpe = �eneE �mene⌫
(fr,1)
eg ue � ne⌫

(skew,1)
eg

qe

pe
(28)

where the tilde denotes for the quantities after the collision, the velocity di↵erence

is |g| = |ve�vg|, the solid angle of the collisions is d⌦ = sin�d�d' with � the scattering

angle and ' the azimuthal angle of the collision, and �(g,�) is the di↵erential scattering

cross section. In the following, it will be useful to define the “e↵ective” cross-section,

averaged over the collision angles as

Q(l)(g) = 2⇡

Z 2⇡

0

�
1� cosl �

�
�(g,�) sin�d�, (29)

where, l = 1 is the so-called momentum-transfer cross-section and l = 2 is the viscosity

cross-section. The “e↵ective” cross-section can be found in LXCat.

The moment of the collisional operator is obtained by multiplying by the weight

 e(x,ve, t) and averaging over the electron velocity space and using the reciprocity

relations of the elastic collision (See, e.g., Zhdanov [6]),

Z

1
 e

�fe
�t

����
c

dv =

Z

1

Z

1

Z
( 0

e �  e)fefgg�d⌦dvgdve. (30)

The integration of Eq. (30) can be done analytically but it is a cumbersome process

that involves several mathematical manipulations. Nevertheless, there are references
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The integration of Eq. (28) can be done analytically but it is a cumbersome process

that involves several mathematical manipulations. Nevertheless, there are references

that explain in detail this process [?, ?, ?]. We describe in detail the obtention of the

production terms in Appendix A.1. As it will be shown below, we will group the terms
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e↵ect appears in the second term, which corrects the temperature relaxation if the

EEDF is not Maxwellian. As a result, even if the average energy of the electrons is

equal to the neutral temperature, i.e., Te = Tg, the electrons are not in thermodynamic

equilibrium until �e = 0. Consequently, for �e 6= 0 there is an energy exchange even if

the average energies are equal, since the EEDF is not Maxwellian. This term is positive

if the distribution function is Druyvesteyn-like and negative if, on the contrary is two-

temperature like. Note that, as the energy is conserved in electron-neutral collisions,

this term appears in the gas energy equation with opposite sign. For this reason, this

term, which has been neglected heretofore, may play a role in heating the gas by electron

collisions. The third term is related to the heating in the electrons due to the convection

(c.f., Eq. (2.18) from Braginskii’s theory [8]).

The heat-flux exchange reads

RhF,(el)
eg = �ne⌫

(fr,3)
eg eTeue � ⌫(skew,3)

eg qe. (29)

These expressions are reciprocal to the ones for the momentum exchange. The first

term represents the rate of change of the heat-flux due to convective motions whereas

the second represents the relaxation of the heat-flux due to collisions.

R(el)
eg = �mene⌫mue. (30)

Q(el)
eg = �3

me

mg
ne⌫meTe. (31)

RhF,(el)
eg = �⌫mqe. (32)

Q(el,4)
eg = �

me

mg
⌫m

p2e
⇢e
�e. (33)

Finally, the exchange of fourth moment reads,

Q(el,4)
eg =

me

mg
⌫(fr,4)
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p2e
⇢e

✓
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� 1

◆
�

me

mg
⌫(kurt,4)
eg �e

p2e
⇢e

Tg

Te
+ 4⌫(skew,3)

eg qe · ue. (34)

The first term represents the loss of fourth moment due to elastic collisions. This term

will force the kurtosis to be negative, hence, to have Druyvesteyn-like shape. The second

term is analogous to the second term in Eq. (28). In this case, for Te = Tg, this term

represents the relaxation of the EEDF to a Maxwelian as the neutrals are assumed to

be a Maxwellian. Finally, the last term represents the modification of the shape of

the EEDF due to the cross action of the skewness and convection terms. This term is

smaller than the previous one under typical discharge conditions. Note that terms of

order O(�eu2
e ) have been neglected.

In Fig. 4, we show the elastic collision rates for an argon plasma, using the formulas

from Appendix A.1.1. Note that the rates depend on the temperature and the shape of

the EEDF. Furthermore, the rate is di↵erent depending on the moment and the e↵ect.

Note that this is more realistic as compared to the BGK simplification that uses the

same relaxation time for all the moments.
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terms are negligible with respect to the electron-neutral collisions as ng � ne. However,

the Coulomb cross-section is much larger (particularly at low electron temperature) and

some of these terms can become comparable (as discussed in Fig. 1). This is particularly

important in the fourth-moment, since the electron-neutral relaxation of Eq. (32) terms

are proportional to the mass ration me/mg.

The heat-flux exchange reads

RhF
ee = �ne⌫

(skew)
ee qe. (43)

Alternatively, the exchange of fourth moment reads,

Q(4)
ee = �ne⌫

(kurt)
ee

p2e
⇢e
�e. (44)

Both production terms are relaxation terms. This means that the electron-electron

collisions will tend to relax the skewness and kurtosis to zero, which is a Maxwellian

distribution function. The collision frequencies are shown in Fig. ?? and they read

⌫(skew)
ee = ne

32

15

✓
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15

8
�e

◆
⌦(2,2)

ee (45)

⌫(kurt)
ee = ne16

✓
1 +

15

8
�e

◆
⌦(2,2)

ee (46)

where the integral of the cross-section over the energies reads

⌦(2,2)
ee (Te) =

1

2

✓
2

⇡�e

◆1/2 Z 1

0

⇠7e�⇠2Q(2)
ee d⇠ with ⇠ =

p
�e/2g. (47)

Note that the later expression takes into account the fact that in electron-electron

collisions the impact energy depend on the relative velocity and because of this the

�e is divided by 2 in the integration.

Figure 5. Electron-electron collisional rates as a function of the electron temperature
and the electron distribution function kurtosis. The Debye length in Eq. (42) is
calculated for ne = 1017 m�3.
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3.3.3. Electron-gas inelastic collisions In this work, we consider a plasma in an atomic

gas. For this reason, two types of inelastic collisions will be considered, the excitation

collisions and the ionization collisions. We restrict our work to the operation conditions

of discharges that are far from chemical equilibrium with Te � Tg. Consequently, only

the forward reaction of the ionization is considered and no recombination is taken into

account. These hypothesis are common in gas discharges at low-pressure [?], but one

should notice that, consequently, the model is not conceived to describe the chemical

equilibrium.

The production of electrons due to ionization reads

ṅ(iz)
e = nengK

(0)
iz . (48)

As mentioned earlier, the contribution to the anisotropic moments is neglected as the

integrals are much smaller that these of the elastic collisions. However, the losses

produced by the inelastic collisions in the energy and fourth-moment are larger than

these of elastic collisions as the later are proportional to the neutral-to-electron mass

ratio whereas the former is proportional to the ionization or excitation potential.

The energy loss due to inelastic collisions read

Q(inel)
eg = �

excit,izX

k=0

nengK
(0)
inel,kng�

⇤
k, (49)

where k is the number of excitation collisions and ionization considered in our model

and �⇤
k is the excitation or ionization potential.

Similarly, the loss of fourth moment reads

Q(inel,4)
eg = �2

excit,izX

k=0

✓
p2e
⇢e

◆
K(1)

inel,k

✓
�⇤
k

Te

◆
. (50)

The rates depend on the distribution function as follows

K(r)
inel = 4⇡

Z 1

0

v2r+3
e �inelfedve. (51)

This integral will depend on the temperature, density, and kurtosis of the distribution

function. One should note that for large kurtosis |�e| > 0.1 a small part of the tail

can become negative. This negative tail has negligible impact in the elastic collisions.

However, it can produce an error in the computation of the inelastic rates. For this

reason, in the current work we follow two di↵erent approaches. We integrate only

the positive part of the distribution function or we integrate the maximum entropy

distribution function.
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Figure 6. Electron-electron collisional rates as a function of the electron temperature
and the electron distribution function kurtosis.

Appendix A. Computation of the collisional integrals

Appendix A.1. Electron-neutral elastic collisional integrals

In elastic collisions of the type, e + g ! e + g, the collision conserves the momentum

and the energy, as follows,

meve +mgvg = mev
0
e +mgv

0
g and

1

2
mev

2
e +

1

2
mgv

2
g =

1

2
mev

02
e +

1

2
mgv

02
g . (A.1)

The prime denote the properties after the collision. The integral of the collisional

operator will be performed with a change of the integration variables by replacing the

velocities ve and vg by the relative velocity g and the velocity of the center of mass G

(Jacobi variables), that are defined as follows,

G =
meve +mgvg

me +mg
, g = ve � vg (A.2)

The linear momentum conservation implies that G0 = G and the conservation of energy

|g| = |g0
| , so the pre-collisional and post-collisional velocities in the Jacobi variables

read

~ve = G+
µeg

me
g ~vg = G�

µeg

me
g, ~v0e = G+

µeg

me
g0 and ~v0g = G�

µeg

me
g0 (A.3)

where the reduced mass is defined as µeg = memg/(me +mg).

We can write the relative velocity after the collision in the reference frame of g as

a function of the angles � and ', as

g0 = g
⇣
cos�~i+ sin� cos'~j + sin� sin'~k

⌘
. (A.4)

By using this reference frame, we can write all the terms in the integral of Eq. (28) as

a function of the vectors g and G, and the angles � and '.

Ionization and inelastic rate largely depend on 
the kurtosis!

Fourth-moment exchange:
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terms are negligible with respect to the electron-neutral collisions as ng � ne. However,

the Coulomb cross-section is much larger (particularly at low electron temperature) and

some of these terms can become comparable (as discussed in Fig. 1). This is particularly

important in the fourth-moment, since the electron-neutral relaxation of Eq. (32) terms

are proportional to the mass ration me/mg.

The heat-flux exchange reads

RhF
ee = �ne⌫

(skew)
ee qe. (43)

Alternatively, the exchange of fourth moment reads,

Q(4)
ee = �ne⌫

(kurt)
ee

p2e
⇢e
�e. (44)

Both production terms are relaxation terms. This means that the electron-electron

collisions will tend to relax the skewness and kurtosis to zero, which is a Maxwellian

distribution function. The collision frequencies are shown in Fig. ?? and they read

⌫(skew)
ee = ne

32
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⌦(2,2)

ee (45)

⌫(kurt)
ee = ne16

✓
1 +

15

8
�e

◆
⌦(2,2)

ee (46)

where the integral of the cross-section over the energies reads

⌦(2,2)
ee (Te) =

1

2

✓
2

⇡�e

◆1/2 Z 1

0

⇠7e�⇠2Q(2)
ee d⇠ with ⇠ =

p
�e/2g. (47)

Note that the later expression takes into account the fact that in electron-electron

collisions the impact energy depend on the relative velocity and because of this the

�e is divided by 2 in the integration.

Figure 5. Electron-electron collisional rates as a function of the electron temperature
and the electron distribution function kurtosis. The Debye length in Eq. (42) is
calculated for ne = 1017 m�3.

Plasma discharge 14

3.3.3. Electron-gas inelastic collisions In this work, we consider a plasma in an atomic

gas. For this reason, two types of inelastic collisions will be considered, the excitation

collisions and the ionization collisions. We restrict our work to the operation conditions

of discharges that are far from chemical equilibrium with Te � Tg. Consequently, only

the forward reaction of the ionization is considered and no recombination is taken into

account. These hypothesis are common in gas discharges at low-pressure [?], but one

should notice that, consequently, the model is not conceived to describe the chemical

equilibrium.

The production of electrons due to ionization reads

ṅ(iz)
e = nengK

(0)
iz . (48)

As mentioned earlier, the contribution to the anisotropic moments is neglected as the

integrals are much smaller that these of the elastic collisions. However, the losses

produced by the inelastic collisions in the energy and fourth-moment are larger than

these of elastic collisions as the later are proportional to the neutral-to-electron mass

ratio whereas the former is proportional to the ionization or excitation potential.

The energy loss due to inelastic collisions read

Q(inel)
eg = �

excit,izX

k=0

nengK
(0)
inel,kng�

⇤
k, (49)

where k is the number of excitation collisions and ionization considered in our model

and �⇤
k is the excitation or ionization potential.

Similarly, the loss of fourth moment reads

Q(inel,4)
eg = �2

excit,izX

k=0

✓
p2e
⇢e

◆
K(1)

inel,k

✓
�⇤
k

Te

◆
. (50)

The rates depend on the distribution function as follows

K(r)
inel = 4⇡

Z 1

0

v2r+3
e �inelfedve. (51)

This integral will depend on the temperature, density, and kurtosis of the distribution

function. One should note that for large kurtosis |�e| > 0.1 a small part of the tail

can become negative. This negative tail has negligible impact in the elastic collisions.

However, it can produce an error in the computation of the inelastic rates. For this

reason, in the current work we follow two di↵erent approaches. We integrate only

the positive part of the distribution function or we integrate the maximum entropy

distribution function.
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Set of equations with the fourth moment (1D)

Main influence of the fourth moment in the equations:

1. All the collisional rates are modified, e.g., the ionization rate.

2. The heat conduction and diffusion will be modified 

3. Non-linear effects due to equations coupling and collisional source terms

Density

Momentum

Energy

Heat flux

4th-moment

Electrons (9 eqs in 3D):
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3.1. High-order moment model system of equations

In this section, we derive a moment model that explicitly evolves the mass, momentum,

energy, heat-flux and the double trace of the fourth moment. Consequently, our moment

model considers the following weights into the transfer equation (Eq. (4)),

 =
⇣
me, mev,

me

2
c2e ,

me

2
c2ece,

me

2
c4e

⌘T

. (9)

With these weights, the macroscopic state of the electrons is characterized by nine fields:

particle density ne, hydrodynamic velocity ue, isotropic pressure pe, heat flux vector qe,

and the contracted fourth moment peiijj , where the subindices i, j refer to the directions

following the Einstein notation. These fields are defined with the distribution function

as follows,

ne =

Z

1
fedv, ⇢euei =

Z

1
mevifedv, pe =

1

3
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mec

2
efedv, (10)

qei =
1

2

Z

1
mec

2
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1
mec

4
efedv.

The system of transport equations is obtained by introducing the weights in Eq. (9)

in the transfer equation, Eq. (4). The equations read
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Here, new fluxes appear in the equations that are defined as

reijk =
1
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1
meceicejcekfedv, reij =

1

2

Z

1
mec

2
e ceicejfedv, and reiijjk =

1

2

Z

1
mec

4
e cekfedv.

(16)

These fluxes will be computed with the expression of the Grad’s distribution function,

as explained earlier. Additionally, in the right-hand-side of the equation, we have the

production terms resulting from collisions, i.e., ṅe, R, Q, Rhf , and Q(4). In section 3.3,

we will derive these terms by introducing Grad’s distribution function and the collisional

operator for electron-gas elastic and inelastic collisions as well as electron-electron elastic

collisions. Note that the last term in Eqs. (14) and (15) appear because the moments

are taken in a reference frame moving at the electron bulk speed.
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we will derive these terms by introducing Grad’s distribution function and the collisional

operator for electron-gas elastic and inelastic collisions as well as electron-electron elastic

collisions. Note that the last term in Eqs. (14) and (15) appear because the moments

are taken in a reference frame moving at the electron bulk speed.

High-moment closure for electrons 9

3.1. High-order moment model system of equations

In this section, we derive a moment model that explicitly evolves the mass, momentum,

energy, heat-flux and the double trace of the fourth moment. Consequently, our moment

model considers the following weights into the transfer equation (Eq. (4)),

 =
⇣
me, mev,

me

2
c2e ,

me

2
c2ece,

me

2
c4e

⌘T

. (9)

With these weights, the macroscopic state of the electrons is characterized by nine fields:

particle density ne, hydrodynamic velocity ue, isotropic pressure pe, heat flux vector qe,

and the contracted fourth moment peiijj , where the subindices i, j refer to the directions

following the Einstein notation. These fields are defined with the distribution function

as follows,

ne =

Z

1
fedv, ⇢euei =

Z

1
mevifedv, pe =

1

3

Z

1
mec

2
efedv, (10)

qei =
1

2

Z

1
mec

2
e ceifedv, and peiijj =

1

2

Z

1
mec

4
efedv.

The system of transport equations is obtained by introducing the weights in Eq. (9)

in the transfer equation, Eq. (4). The equations read

@ne

@t
+

@

@xi
neuei = ṅe, (11)
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Case 1: 0D relaxation in Argon plasma (comparison to kinetic solver)

25

We study a 0D plasma where the electrons are initially at 5 eV and 
Maxwellian distribution

• The elastic and inelastic collisions will cool down the 
electrons as well as change their EEDF.

• We consider the elastic and inelastic processes.

• We compare two models to PIC:

• Maxwellian distribution

• High-order moment

𝑑𝑛'
𝑑𝑡

= Ioniz.

𝑑𝑇'
𝑑𝑡

= Inel. losses + El. losses

𝑑𝑛'
𝑑𝑡

= Ioniz.

𝑑𝑇'
𝑑𝑡

= −(Inel. losses + El. Losses)

())
(*

= − Inel. losses + El. Losses + (𝑒 − 𝑒 𝑐𝑜𝑙𝑙𝑠. )



Case 2: Comparison with a Boltzmann solver with an electric field 
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We study a 0D plasma with an electric field:

• We compare models to Boltzmann solver:

• High-order moment

𝑑𝑛'
𝑑𝑡

= Ioniz.

𝑑𝑢'
𝑑𝑡

= 𝐄𝐥𝐞𝐜𝐭𝐫𝐢𝐜 𝐟𝐢𝐞𝐥𝐝 + El. losses

𝑑𝑇'
𝑑𝑡

= − Inel. losses + El. Losses + 𝐉𝐨𝐮𝐥𝐞 𝐇𝐞𝐚𝐭𝐢𝐧𝐠

(+)
(*

= 𝐄𝐥𝐞𝐜𝐭𝐫𝐢𝐜 𝐟𝐢𝐞𝐥𝐝 + El. losses +(𝑒 − 𝑒 𝑐𝑜𝑙𝑙𝑠. )

())
(*

= − Inel. losses + El. Losses + (𝑒 − 𝑒 𝑐𝑜𝑙𝑙𝑠. )+ ”Heating” 



Case 2: Comparison with a Boltzmann solver with an electric field 
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We study a 0D plasma with an electric field:

• We compare two models to Boltzmann 
solver:

• High-order moment

𝑑𝑛'
𝑑𝑡

= Ioniz.

𝑑𝑢'
𝑑𝑡

= Electric Rield + El. losses

𝑑𝑇'
𝑑𝑡

= − Inel. losses + El. Losses + Joule Heating
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(*

= Electric Rield + El. losses +(𝑒 − 𝑒 𝑐𝑜𝑙𝑙𝑠. )
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= − Inel. losses + El. Losses + (𝑒 − 𝑒 𝑐𝑜𝑙𝑙𝑠. )
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Case 3: 1D model of bounded-plasma at low-pressure

AP scheme for the low-temperature plasma fluid equations A. Alvarez Laguna et al.

when they strike the wall. Since the thermal motion of electrons is larger than that of ions, the
surface will charge negatively with respect to the plasma (in electropositive plasmas), forming a
charged boundary layer called the plasma sheath.

The analytical models for the sheath and presheath rely on the isothermal multi-fluid equations
[67], while assuming the inertia of electrons and temperature of ions to be negligible. Nevertheless,
important kinetic phenomena taking place are not included in this model [68].

Let us consider a 1D domain of length l filled with a plasma between two floating walls, with
no secondary electron emission, the distribution function of electrons is a Maxwellian and all the
electrons that touch the wall are absorbed by the wall. With these assumptions, the flux of electrons
collected by the wall (see, e.g., [1]) both in dimensional and dimensionless units read:

Dimensional: neue|wall = ne

r
kBTe

2⇡me
and dimensionless: n̄eūe|wall =

n̄e
p
2⇡"

. (11)

A steady solution is found when the ionization inside the bulk of the plasma balances the particle
loss as follows

2neue|wall =

Z l

0

ne⌫
izdx. (12)

As mentioned by Riemann [37], the ionization frequency is an eigenvalue of the problem. Conse-
quently, there is only one ionization frequency that finds a steady state solution for a given distance
between plates. In this paper, we propose a numerical methodology that proves to be convergent
to find this eigenvalue.

With the previous assumptions, the potential at the pre-sheath �p and the wall �W , in dimen-
sional units [69], as follows

�p = �
kBTe

2e
and �W =

kBTe

e
ln

✓
me

2⇡mi

◆1/2

, (13)

where �p is the potential drop needed to accelerate the ions to Bohm’s speed (neglecting the ion
pressure gradient) and �W is the potential drop in the sheath. In Fig. 2, we illustrate the steady
state solution of a bounded plasma between two floating plates.

Figure 2: Solution of a plasma between two floating walls with a fluid model. The proposed numerical

set-up is able to captures the physics as predicted by the theory [37].

3. Standard upwind finite volume discretization

We present a standard discretization of the system (2) in order to illustrate the associated numer-
ical di�culties. An example of a simulation of a low-temperature discharge with this discretization

10

5 𝑐𝑚

Absorbing walls

𝐸-.(13.56 𝑀𝐻𝑧)

We study a 1D ICP Xenon discharge:

• 𝐩𝐠𝐚𝐬~𝟑𝒎𝑻𝒐𝒓𝒓
• 𝐧𝐞~𝟏𝟎𝟏𝟓𝒎𝟑

• 4 excitation collisions + single ionization + elastic + backscattering

We consider a model solving for:
• 5 moments for electrons
• 3 moments for ions
• Poisson equation

Plasma discharge 3

In elastic collisions of the type, ↵+g ! ↵+g, the collision conserves the momentum

and the energy, as follows,

m↵~v↵ +mg~vg = m↵~v
0
↵ +mg~v

0
g and

1

2
m↵v

2
↵ +

1

2
mgv

2
g =

1

2
m↵v

02
↵ +

1

2
mgv

02
g . (8)

Alternatively, in an inelastic collision of the type ↵+� ! �+ �, some of the energy can

be used to form the products, as follows,

m↵~v↵ +mg~vg = m�~v
0
� +m�~v

0
� and

1

2
m↵v

2
↵ +

1

2
mgv

2
g =

1

2
m�v

02
� +

1

2
m�v

02
� + E. (9)

These relations will be used after to derive the collisional integrals of the moment closure.

We define the scattering cross section as the integral of the di↵erential cross-section

over the scattering angle

� = 2⇡

Z ⇡

0

I sin ✓d✓. (10)

We define the momentum transfer cross section as

Q(1) = 2⇡

Z ⇡

0

(1� cos ✓)I sin ✓d✓. (11)

2.1.2. Case: Xenon discharge In this work, we will consider a simple case with a noble

gas with the following collisional processes: electron-atom ionization, excitation, and

elastic scattering; and ion-atom elastic scattering and resonant charge exchange. The

collisional processes are summarized in Table 1

Reaction Process Thresh. [eV] Ref

Electron impact Xe

e + Xe ! e + Xe Elastic 0 REF

e + Xe ! e + Xe⇤ (8.315 eV) Excitation 8.315 eV REF

e + Xe ! e + Xe⇤ (9.447 eV) Excitation 9.477 eV REF

e + Xe ! e + Xe⇤ (9.917 eV) Excitation 9.917 eV REF

e + Xe ! e + Xe⇤ (11.7 eV) Excitation 11.7 eV REF

e + Xe ! Xe+ + 2e Elec. impact ioniz. 12.13 eV REF

Scattering of ions

Xe+ + Xe ! Xe+ + Xe Elastic 0 Langevin

Xe+ + Xe ! Xe + Xe+ Charge exch. 0 REF

Table 1. Collisional processes in Xenon

The scattering cross-sections for the Xenon are shown in Fig. 10.

Table : Collisional processes

Plasma discharge 4

Figure 1. Scattering cross sections for xenon

2.2. Moment closure equations

2.2.1. General moment equations We define the moments of the distribution function

of the species ↵ 2 {+, e} as the weighted average over the velocity space, as follows,

M↵(~x, t) =

Z

1
V↵f↵d

3v = hV↵f↵i , (12)

We define the brackets h·i as the average over the velocity space. The weights used for

the average are monomials of the velocity, as follows,

V↵(~v) =

✓
m↵, m↵vi,

1

2
m↵vivj, m↵vivjvk, · · ·

◆T

, (13)

Note that the indices i, j, k use the common Einstein tensorial notation.

With these definitions, the evolution equation for the moments quantities are

obtained by averaging the kinetic equation with the previously defined weights.

Consequently, the general form of the moment equations reads,

@M↵

@t
+ ~r · h~vV↵f↵i = �

*
V↵

~F↵

m↵
· ~r~vf↵

+
+

⌧
V↵

✓
�f↵
�t

◆

coll

�
(14)

By abuse of notation, in the following, we will drop the subscript ↵ as the equations for

both electrons and ions have the same structure. We can write the system of moment

equations in compact form as

@

@t
M +

@

@xj
Fj = SE +C. (15)

By using the weights of Eq. (36), the general set of equations reads

M (xi, t) =

0

BBBBB@

⇢

⇢ui
1
2⇢uiuj +

1
2Pij

⇢uiujuk + 3P(ijuk) +Qijk
...

1

CCCCCA
, (16)



Comparison electrons (5eqs) + ions (3 eqs) and PIC

Model

Electrons:

• Mass
• Momentum (with inertia)
• Energy
• Heat Flux
• 4th-moment

Ions:

• Mass
• Momentum
• Energy

Poisson Eq.

Collisions follow
Benilov (1998)
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Comparison electrons (5eqs) + ions (3 eqs) and PIC

Comparison

• Density is closer

• Temperature drops at the 
seath

• Ion temperature is well 
captured

• Flux at the wall is 
overestimated

• The potential drop is 
identical

Converged solution
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Case4: 2D bounded Helium plasma 

29

Fluid PIC

Electron flux 𝑛)𝑢)

Fluid PIC

Electron flux 𝑛+𝑢+

1D horizontal cut

Work of Louis Reboul’s PhD thesis.
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Summary and conclusions
1. Plasmas are complex systems with a large range of  scales due mainly to two reasons:

1. Each species have different dynamics
2. Coupling with the electromagnetic fields

2. The moment equations need new numerical schemes in order to couple to Maxwell’s equations. 

3. We propose a Grad’s moment expansion for the electron moment equations low-temperature plasma 
applications. We consider:

1. Elastic collisions with the gas (Boltzmann operator)
2. Inelastic collisions with the gas (Lorentz model)
3. Coulomb collisions (Boltzmann collision)

4. Comparison with kinetic solvers in 0D, 1D and 2D.

5. Paper with derivation of the model and comparison to experiments under review.
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