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Intrinsic Periodicity of Turbulence

Experiment in Goto lab @ Osaka Univ., courtesy of H. Ohyama. M. Van Dike, “An Album of Fluid Motion” (1982).

(a) Low Re (b) High Re

... at very high Reynolds number, there appears a tendency to
restore the symmetries in a statistical sense ... U. Frisch, “Turbulence” (1995)
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Self-sustaining process Unstable periodic orbit

F. Waleffe, Phys. Fluids (1997), A. L.-Duran, et al., J. Fluid Mech. (2021) L. v. Veen, A. Vela-Martin, & G. Kawahara, Phys. Rev. Lett. (2019)
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Quasi-Periodic Behaviour of Box Turbulence: DNS Set-Up

(a) 3D Periodic Flow (3DPF) (b) Turbulent flow

O+ (u-V)u=—Vp+vViu + (—sinz cosy, cos vsiny, 0)

!

» In (27)? periodic box and steady forcing f.
» There are Quasi-Periodic Behaviour (QPB).
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1. Pick local maximum of P.
» Thresholds on
magnitude & minimum gap.
2. Overlap time series.
> x axis: t — tiocal maximum-

> Normalise by local
maximum.

3. Compute average of them.

» Same procedure for ¢, but
with local maximum of P.

QPB is a robust feature irrespective to Re.
What would be the simplest possible expression of such behaviour?
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Quasi-Periodic Behaviour of Box Turbulence: Phase-Averaging
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Quasi-Periodic Behaviour of Box Turbulence: Phase-Averaging

1. Pick local maximum of P.

» Thresholds on
magnitude & minimum gap.

2. Overlap time series.

> x axis: t — tiocal maximum-

Normalized P

> Normalise by local
maximum.

3. Compute average of them. -0 =5 0 5 10

t/T —t ximu
| 2 Same prooedure fOI’ €, bU'[ / local maximum

with local maximum of P.

QPB is a robust feature irrespective to Re.
What would be the simplest possible expression of such behaviour?
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Quasi-Periodic Behaviour of Box Turbulence: Phase-Averaging
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1. Pick local maximum of P.
» Thresholds on t |7
magnitude & minimum gap. : E/T . X/‘
2. Overlap time series. i \
> x axis: t — tiocal maximum- \\\ /

Phase-averaged time series

_ 0.8
» Normalise by local T~
maximum. 0.74 T A
verage
3. Compute average of them. = 5 T 9 T T
— —9 5}
» Same procedure for ¢, but t/T — tiocal maximum

with local maximum of P.

QPB is a robust feature irrespective to Re.
What would be the simplest possible expression of such behaviour?
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Quasi-Periodic Behaviour of Box Turbulence: Phase-Averaging

1.1
1. Pick local maximum of P.

» Thresholds on 10
magnitude & minimum gap.

2. Overlap time series.

Z09f
» 2 axis: t — tiocal maximum- <
» Normalise by local 0.5k
maximum. '
3. Compute average of them.
» Same procedure for e, but 0-7E 08 0.0 1.0
with local maximum of P. (P) phase

QPB is a robust feature irrespective to Re.
What would be the simplest possible expression of such behaviour?
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Background of the Model

Lorenz model Lorenz (1963) Rossler model Réssler (1976)
d X = —0X 4+ oY, X =-Y—-Z7
&Y = —-XZ+rX -, ;Y = +X +aY
4,7 = +XY —bZ. &t Z = +b+ Z(X —c)

Wikimedia Commons
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Background of the Model

Turbulence shell model  Lvov (1998)
dtun - 1Bn - Vkiul + fn7
B, = kn+1un+2un+1 - §knun+1un_1 + §kn—1un—1un—2
» Complex shell variables u,, and their scale-local interactions.

Discrete Navier-Stokes equation  Kraichnan (1958, 1988)

[0 + vl = D Aijmdsam + fi
7m

» Fourier representation of the individual mode g¢;.
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Forcing scale X

5 — B
Primary scale g4 il o
£,
| (Nonlocal triad 14
1560 1580 1600 1620 1640 1660 1680
tT
1. Forcing scale: X |
» Columnar vortices. él_,,,_
2. Primary scale: Y Em_
> 1. and 2. dominates energy. )
3. Secondary scale: 7 o 1560 1580 1600 Ulg’gu 1610 1660 1680
» The rest of the modes.
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Three-Equation Model of QPB: Derivation of the Model

X = —A,Y? + AYZ —Re 'KiX +F,
Y = + ALXY — A 7% + AXZ —Re "KLY,
dZ = + AYZ — (A3 + A XY —Re ' K2 Z.

» Three triads represent energy transfer:
> “Production” A; : X =Y.
> “Cascade” A2 Y — Z.
> “Nonlocal” As, A4: between X,Y, and Z.

» Viscous Re ' K? and
steady forcing F' terms.
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Three-Equation Model of QPB: Parameter Fitting from DNS

Forcing coefficient F

STV VT

1560 1580 1600 1620 1640 1660 1680
T

F=(f-u)/\/(Jux]’)

» Balance between energy input

rate and characteristic velocity.
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Scaling factors K?
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Ko(t) = ea(t)/2vEa(t)

» Balance between energy and
energy dissipation rate.
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Three-Equation Model of QPB: Parameter Fitting from DNS

Energy transfer terms T, and their coefficients A;

» Energy equations
dtEx =Tx —ex + P,

d By =Ty — ey, /\ N
0.5 —— ﬂ
Bz =Tz — €z, £ 0.0 Trd—— / /
» Energy transfer terms £
-10
Ty = A XY? +A:XYZ iy
Ty = _|_A1XY2 _ AQYZ2+/1,1XYZ 1575 1600 t/Tlo’zs 1650 1675
Ty = + AY ZP—(Ay + Ay XY Z

» Neglect A3, A, to determine A;, As.
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DNS Model

T (D) (m)
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Time series

1575 1600 1625 1650 1675 360 380 400 420 440 460
tT :
2 (m) _ 212
B, = (Jux = £/20lks[") /2, B = (X — FRe/K3)*/2.
D) _ By, =Y?/24+ 7%)2.
E§,JZZ = <|’Ll,y|2> /2 + <|Uz|2> /2. Y+Z / /

» QPB < predator-prey dynamics?
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Three-Equation Model of QPB: “Fast Oscillations” in DNS
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(a) Energy of specific modes

(b) w of k= (1,0,0) and (0, 1,0) modes

» “Fast oscillations” appear in DNS as well,
but they are compensated by their symmetric modes.
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Three-Equation Model of QPB: Non-local Interactions
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» We do not observe QPB without non-local interactions.
» Non-local interactions are mandatory to maintain QPB.

Minimal modelling of the quasi-periodic behaviour of turbulence ARAKI, Bos, & GOTO Dec. 8, ASTROFLU V

13/18



Three-Equation Model of @PB: Model Property

Supercritical transition with A3 = 0.5, A4 =

0.8

Re o~
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(a) Bifurcation diagram (b) Solution orbits (c) Return map
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Three-Equation Model of @PB: Model Property

Subcritical transition with A3 = 0.5, A, = —0.63
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(a) Bifurcation diagram (b) Survival probability

» Subcritical transition between steady and transient chaos.

» “Survival time” follows exponential decay — “sudden relaminarisation”.
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Objective

» Reproduce robust Quasi Periodic Behaviour (QPB) in turbulence
by a simplest possible model.

Results
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(a) QPB (b) Supercritival (c) Subcritival

» Propose a three-equation model retains N-S structures.
» It reproduces several key dynamics of turbulent flows.
» Preprint: “Intrinsic Periodicity of Turbulence”  (arXiv.2112.03417).
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Perspectives: detail of the subcritical transitions
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(a) Survival time map (b) “Sudden relaminarisation”

» How does the model help understanding the subcritical transition?
» “Edge tracking” the transient chaos.
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Perspectives: importance of the “space-locality”
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(a) Turbulence € (87, 87, 27) (b) Two-time autocorrelations of ¢

» How does the “space-locality” affect QPB?
> Investigate “(2n)? vortices flow” expanded horizontally.
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