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Remarkable features of the Lagrangian dynamics
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I Non-gaussian PDF
I Scale separation for the correlation
I Asymmetry of the power received/given ⇒

irreversibility
I Anomalous scaling of the velocity spectra
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The autocorrelations are very close to each other. Small
differences are nevertheless observed, in particular, be-
tween the horizontal !x; y" components and the vertical
one (z). The autocovariance of az reaches zero at 2:2!"
(comparable to the values reported for DNS at low R# in
[13,15]) and the other two components at 3:0!". We
observed that the crossing times are almost independent
of the Reynolds number.

Figure 6 also displays the autocorrelation of the accel-
eration magnitude (solid line). The decrease of the co-
variance of the magnitude is seen to be much slower than
the component correlation (the size of the measurement
volume does not allow us to observe the full decrease of
the magnitude covariance). This feature was observed in
DNS at low Reynolds number by Yeung and Pope [13,15]
and for velocity increments by Mordant et al. [12]. At
large !, a bias due to the finite measurement volume is
expected to depress the autocorrelation [6]. This bias will
strongly affect the autocorrelation of the magnitude since
it decays very slowly. Nevertheless, one can extrapolate
the decrease in order to obtain an estimate of the char-
acteristic time (Fig. 6). We found a zero crossing time of
40!", which is most likely underestimated because of the
bias. This time is one-seventh of the rotation period of the
disks. Mordant et al. reported, for velocity increments,
times that are close to one-third of the rotation period
[12,16]. The dynamics of the acceleration magnitude was
observed to have time scales comparable to those of the
energy injection. A similar result was observed by Pope

for low Reynolds number simulations [17]. This observa-
tion is quite striking as the components have been ob-
served to evolve at the dissipation time scale as expected
in the framework of the Kolmogorov 1941 theory.

In summary, we have provided experimental evidence
of the complex structure of the Lagrangian acceleration.
The three components of the acceleration are not inde-
pendent as in most stochastic models. We observed that
the PDF of the acceleration magnitude is close to a log-
normal distribution. Assuming isotropy, we showed that a
log-normal distribution reproduces fairly accurately the
experimental observations, including the dependence of
the components. The acceleration also displays a rich
dynamics with two different time scales of correlation:
a short time for the direction and a longer one for the
magnitude. Intense vortices are objects that fit well with
the previous observations. They can account for the strong
intermittency of the acceleration components. They in-
duce simultaneous high accelerations in different compo-
nents. If their lifetime is long enough, they can be
responsible for the two time scales, since the magnitude
of the acceleration remaining unchanged for times much
longer than the vortex rotation rate.

This work was supported by NSF Grant No. 9988755.
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FIG. 6 (color online). Correlation curves at R# # 690. !
cross correlations of the acceleration components. ", #, and
$ are the autocorrelations of ax, ay, and az, respectively, !" #
!!!!!!!!!

$=%
p

is the Kolmogorov time (% is the energy dissipation rate
and $ is the kinematic viscosity). The line without symbols is
the autocorrelation of the acceleration magnitude. Inset: semi-
logarithmic plot; the dashed line is an extrapolation of the
magnitude correlation.
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W ðτÞ≈V · δV ∼V 4=3ð«τÞ1=3: [3]

This scaling for the energy change means that the Lagrangian
quantity proportional to « is the third-order structure function of
the energy difference, hW 3ðτÞi∝U3

rmsð«UrmsτÞ. This suggests that
the smooth scaling hW 3ðτÞi∝ τ3 at τ # τK turns into hW 3ðτÞi∝ «τ
at τ $ τK . Accordingly, we normalize the third moment of W by
U4

rms«τ, as shown in Fig. 2A, Inset. The very good collapse of the
data in 3D gives support for the flight-crash picture discussed here.
Using the same scaling in 2D leads to a very good collapse of the
curves for very small τ. The difference between Fig. 2 A and B at
longer times may be a manifestation of the very different physics
occurring in 2D and 3D flows. The finite-time average power
W ðτÞ=τ behaves as VδV=τ∼V ðV«τÞ1=3=τ∼ «ðT=τÞ2=3. It increases
when τ decreases and saturates at τ ’ τK , sinceW ðτÞ∝ τ for τK τK .
The moments of the instantaneous power can therefore be deduced
from [3] using the saturation value p≈W ðτKÞ=τK ∼ «ðT=τK Þ2=3,
which leads to hp3i∝ «3ðT=τK Þ2 ∝ «3R2

λ and hp2i∝ «2R4=3
λ as ob-

served in Fig. 3. The scaling provided by [3] also explains the

systematic dependence of hW 3ðτÞi=hEi3 as a function of the Rey-
nolds number (SI Text).

Discussion
Turbulence is characterized by large fluctuations. Notoriously,
the local energy dissipation rate shows strong spatial fluctua-
tions, which are known to play a key role in the origin of in-
termittency, or fluctuations of other quantities of the turbulent
flow (10). Much work has been devoted to the modeling of
fluctuations of the local dissipation rate and of its coarse-grained
generalization, especially in relation to devising approximate
numerical schemes (13). Here we are interested in the related
but different question of the exchange between a very small
subsystem, a fluid particle, and the surrounding turbulent flow, in
the spirit of work done for small systems in contact with ther-
mostats (3). The comparison of our results with those described
by stochastic thermodynamics, therefore, reveals the general
features of systems very far from thermal equilibrium.
The main achievement of this work has been to document and

quantify the intrinsic irreversibility of turbulent flows. This led us

A B

C D

E F

Fig. 3. (A) The PDFs of p=« at three different Reynolds numbers Rλ = 170, 430, and 690 for 3D turbulence. For comparison, the PDFs of negative power ðp< 0Þ,
shown by the dashed lines, are reflected around the vertical axis. The characteristic power is much larger than « and increases with the Reynolds number.
Moreover, large negative values of p are more frequent than large positive values, indicating that most of the violent energy exchange events that a fluid
particle experiences are energy-loss events rather than energy gaining. Data at Rλ = 170 and 430 are from DNSs and data at Rλ = 690 are from experiments. (B)
PDFs of p=« from 2D turbulence simulations at Rα = 26, 51, and 102. Similar behavior as for 3D turbulence is observed. (C–F) Statistical properties of the
instantaneous power p acting on fluid particles. (C) Variation of −hp3i=«3 vs. Rλ for 3D turbulence. Its increase is close to R2

λ . (D) Variation of −hp3i=«3 vs. Rα for
2D turbulence, which increases approximately as R2

α. (E and F) Variation of hp3i=«3 for 3D and 2D turbulence, respectively. The variance increases rapidly with
Reynolds numbers, close to R4=3

λ or R4=3
α for 3D and 2D turbulence. This results in a skewness nearly independent of the Reynolds number: hp3i=hp2i3=2 ≈−0:5 in

3D and ≈−0:20 in 2D.
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Effective dynamics

Navier-Stokes eq.: Collective + dissipative effects

ai = −∂ip+ ν∂2
jjui ; p(x) = 1

4π

∫
V

∂jui ∂iuj(y)dy/r

1st hypothesis of Kolmogorov: Turbulence is universal

⇒ Stochastic model for a fluid-particle dynamics:
effectively account for the interactions with all the other particles

dai = Midt+DijdWj ; dui = aidt

Model based on the conditional statistics of acceleration
I Connection with "intermittency" ⇒ 〈a2|ε〉 ∼ ε3/2ν−1/2

I Stationary dynamics ⇒ 〈a2|K〉 =? (Power law ? K3 or K4.5 or K4.6 ?)
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Doubly conditional acceleration statistics

DNS at Reλ = 250 (N = 10243)
Acceleration
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Doubly conditional acceleration statistics

〈a2|ε,K〉 for K fixed

10-3 10-2 10-1 100 101 102

ε/
〈
ε
〉

100
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〈 a2 |ε
,K
〉 /a2 η

〈a2|ε,K〉 for ε fixed
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〈 a2 |ε
,K
〉 /a2 η

〈a2|ε,K〉 = A 〈a2|ε〉 exp(αK/〈K〉)

IExponential dependence with K (not a power law) with growth rate α = 1/3

(from independence between fluct. of K and ε and u Gaussian: A =
(

1−
2
3
α

)3/2
≈ 0.69)

IScaling law for 〈a2|ε〉 ?
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Acceleration conditioned on dissipation

Scaling law for 〈a2|ε〉
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Intermittency ⇒ persistence of viscous
effects

Barenblatt’s Incomplete similarity:
f(ε/〈ε〉, Reλ) = B (ε/〈ε〉)β

B = B0 + B1/ ln(Reλ)

β = β1/ ln(Reλ)
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ln(1/B 〈a2|ε〉/a2

η) vs ln ε/〈ε〉

8 6 4 2 0 2 4 6 8

ln ε/
〈
ε
〉

2

0

2

4

6

8

χ

DNS with Reλ = 40 to 680

6 / 17



Acceleration conditioned on dissipation

Scaling law for 〈a2|ε〉

〈a2|ε〉
ε3/2ν−1/2 = f(ε/〈ε〉, Reλ)

Intermittency ⇒ persistence of viscous
effects
Barenblatt’s Incomplete similarity:
f(ε/〈ε〉, Reλ) = B (ε/〈ε〉)β

B = B0 + B1/ ln(Reλ)

β = β1/ ln(Reλ)

We can go further and obtain a
self-similar form introducing a2
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Acceleration variance

〈a2〉 =
∫
〈a2|ε〉P (ε)dε

I 〈a2|ε〉 = Ba2
η
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1
B

a2
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)1/(3/2+β)
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IP (ε) Log-normal with parameters σ2 ≈ 3/8 lnReλ/10

Evolution of the acceleration variance vs Reλ
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Acceleration as a multiplicative process

Finally we obtain:
〈a2|ε,K〉/a2

η = C exp(αK/〈K〉)
(
ε

〈ε〉

)γ
C = AB ; γ = 3/2 + β

What is the physical interpretation ?

I Locally-space-averaged dissipation as a multiplicative process:

ε` = 〈ε〉
n∏
i=1

ξi ; ` = Lλn

ISimilarly, multiplicative process for coarse-grained acceleration:

a2
` = a2

0

n∏
i=1

θi with θi = exp
(

α

〈K〉
1
2
u2
i + γ ln ξi

)
⇒

a2
` = a2

0 exp
(
α

〈K〉

n∑
i=1

1
2u

2
i + γ

n∑
i=1

ln ξi
)

⇒ Scale similarity with sweeping effects from eddies of size `i to balance the intense
local acceleration induced by ε`
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Stochastic dynamics of a fluid particle

We propose a stochastic model for the tracer using 4 assumptions:
IH1: Assume the dynamics can be expressed as a closed model (universality)

dai = Midt+DijdWj ; dui = aidt

Ito Formula ⇒

da2 = (2aiMi +DijDij) dt+ 2aiDijdWj

IH2: The instantaneous acceleration is given by the doubly conditional
variance (the remaining degree of freedom can be discarded)

a2 = a2
ηC

(
ε

〈ε〉

)γ
exp
(
α
K

〈K〉

)
Taylor expansion: da2 = a2

(
α
dK

〈K〉
+ γ

dε

ε
+
γ(γ − 1)

2
dε2

ε2

)
With dK = aiuidt = Pdt and dε = εΠdt+ εΣdW

da2 = a2
[
α

〈K〉P + γΠ + γ(γ − 1)
2 Σ2

]
dt+ γa2ΣdW

⇒ Identification between the two equations
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Stochastic dynamics of a fluid particle

IH3: Introduction of a non-diagonal diffusion tensor:

Dij = c1δij + c2εijkωk ; ωk = εijkuiaj

with the "maximum winding hypothesis":

Dij =

√
γ2

4 Σ2
[√

a2
T δij +

√
a2
N εijkbk

]
IH4: Dissipation rate along the trajectory is given by the non-Markovian
log-normal process proposed by L. Chevilard
Logarithmic correlation of ε ⇒ cascade picture

dε = ε

(
− ln ε

〈ε〉 + σ2

2Λ2

(
τε
τη
− Λ2

)
+ σ

ΛΓτε
)

︸ ︷︷ ︸
Π

dt/τε + ε

√
σ2

Λ2τη︸ ︷︷ ︸
Σ

dW

with σ2 the variance of ln ε: σ2 ≈ 3/8 lnReλ/10

and Γ the non-Markovian term: Γ = −1
2

∫ t

−∞
(t− s+ τη)−3/2dW (s)

(Λ a normalization constant)
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Stochastic dynamics of a fluid particle

Finally we obtain our stochastic equation (no free parameters: they are all determined from DNS!)

dai =
[

α

2〈K〉

(
ai
(
5.2P +

K

τε

)
− 4.2a2ui

)
− ai

(
ln
( a2

a2
η

)
+ Γ̂∗

)
1

2τε
−
σ2
∗
τη

a2
T

a2 ai

]
dt

+

√
σ2
∗
τη

[√
a2
T δij +

√
a2
N εijkbk

]
dWj ; dui = aidt

One realization at Reλ = 1000

0 2000 4000 6000 8000
t/τη

0

50

a
i/
a
η
 

0 20 40 60 80
t/τL

2.5

0.0

2.5

u
i/
u
′

x/L

3.0 2.5 2.0 1.5 1.0 0.50.0

y/
L

3.0
2.5

2.0
1.5

1.0
0.5
0.0

0.5

z/
L

2.5
2.0
1.5
1.0
0.5

0.0
0.5
1.0

12 / 17



Acceleration variance

Evolution of the acceleration variance vs Reλ

102 103 104

Reλ

100

101

<
a

2
>
/a

2 η

× Stochastic model —– 〈a2〉=
∫
〈a2|ε〉P (ε)dε x

− − − Reλ � 1 :

〈a2〉 ∼ a2
ηB(Reλ/10)9/64+β(3β/16+3/8)

− − − Reλ → ∞ : 〈a2〉 ∼ a2
ηRe

9/64
λ

• DNS data Yeung et al 2006

−.− empirical formula Sawford et al. 2003:

〈a2〉 ∼ a2
η1.9

Re0.135
λ

1 + 85/Re1.135
λ
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Stochastic dynamics of a fluid particle

model Reλ = 400→ 9000
+ comparison from DNS Reλ = 400

Lagrangian velocity spectra
Deviation from Hinze spectra, anomalous

scaling
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Stochastic dynamics of a fluid particle

Model for Reλ = 400→ 9000
+ comparison from DNS Reλ = 400

Non gaussian PDF
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Stochastic dynamics of a fluid particle

−〈P 3〉 and 〈P 3〉 vs Reλ

102 103 104
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−
P
m
>
/
<
ε
>

m

〈P 2〉/〈ε〉2 ∼ Re4/3
λ and −〈P 3〉/〈ε〉3 ∼ Re2

λ

Skewness of the mechanical power
⇒ time irreversibility of the dynamics

(connected to non-markovianity + non-diagonal diffusion)
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Summary / Conclusion

DNS of Navier-Stokes:

I Doubly conditional variance: 〈a2|ε,K〉/a2
η = C exp(αK/〈K〉)

(
ε

〈ε〉

)γ
I Multiplicative process for the acceleration accounting for the sweeping

effects
I α = 1/3 and for 2D ? or non isotropic turbulence ?
I Relation between force/power/energy

Stochastic dynamics of fluid particles:
I Only 4 reasonable hypothesis
I Non-gausssianity, long-range correlations, anomalous scaling and time

irreversibility.
I Good agreement with the DNS (no free parameters).
I What next ?

I Extension to non-stationnary / non-homogenous turbulence ?
I Improve the high frequency/dissipative part
I Theoretical/mathematical analysis of the model
I Application to LES / RANS modeling and "multiphysics" coupling

You can check the preprint: https://hal.archives-ouvertes.fr/hal-03408311
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Calculation of the history integral

Γ(t) =

∫ t

−∞

(t− s + τc)−3/2
dW (s)

Γn =

Nhist∑
m=0

(sm + τc)−3/2
dWn−m

≈

N∑
j=1

(sj + τc)−3/2
dW j
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dW18every 20 it. every 21 it. every 22 it.

+ +

10-2 100

τ/τL

20

0

20

40

Γ
(τ

)
=

∫ t t
−
τg

(t
−
s)
d
W

(s
)
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