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OUTLINE

Heat transfers are often involved in practical engineering and geophysical flows

Motivation is to reproduce the RMS fluctuations of the scalar field that may have
consequences in practical and geophysical flows

The partially integrated transport modeling (PITM) method viewed as non-zonal
hybrid RANS/LES performed on relatively coarse grids has been selected

— Modeling is made in the spectral space for analyzing the physics of heat
transfer

— Equations of the half scalar variance &y and its dissipation rate ¢y have been
then extended to physical space
Applications

— Plane channel heated on both walls with a constant heat flux

Numerical simulations are performed on several meshes for different Prandtl
numbers P. = 0.1, 1 and 10 at the Reynolds number R, = 395
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1. IMPORTANCE OF THE PASSIVE SCALAR

Engineering applications in industrial plants
In nature like for instance the pollution dispersal in atmosphere

Variation of the scalar fields are supposed to have negligible action on the fluid
movement

PITM hybrid RANS/LES method solving the large turbulence and thermal scales
is an efficient tool in practice for reducing the computational resources in
comparison with highly resolved LES
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2. MATHEMATICAL FRAMEWORK OF PITM

Two-point velocity fluctuating correlation for non-homogeneous turbulence
Rij = (uj,u);p) (x4, ) (Hinze, 1975)
New independent variables

— vector difference £ = xp — x4

— midway position X = (:13 A+ xB)

Two-point fluctuating velocity correlation for non-homogeneous turbulence
Rij = (uj u)p) (X, €)

Taylor series development for the mean velocity (framework of tangent
homogeneous spectral space , Schiestel, 1987; Chaouat and Schiestel, 2007)

Fourier transform of the transport equation for the tensor R;; = (u; u/5)

Integration on a spherical shell in the wave numbers (Schiestel, 1987; Cambon et
al., 1992; Chaouat and Schiestel, 2007)

wij(r, X) = (R (X, 5

R;; K, X)dA(k) (1)
0A
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3. EQUATION FOR THE TWO-POINT VELOCITY
TENSOR

e Equation of the spherical mean of the Fourier transform of the two-point
correlation tensor of the fluctuating velocities ¢, (X, x,t) (Chaouat and
Schiestel, 2005; 2007; 2013)

(X, K, t)

BT, + (uy) (X) X, = Pi;(X,k,t)+ Ti; (X, K, t)

‘|‘\Ifz'j(X,l<3,t) +$j(X,K,t) — g@j(X,fi,t)

(2)
where P;;, T;;, ¥;;, Jij» and &;; are respectively, the production, transfer,
redistribution, diffusion and dissipation terms.
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4. TRANSPORT EQUATIONS

As a result (Chaouat and Schiestel, 2005, 2009, 2012), the transport equation for the
subfilter scale stress (SFS) tensor (7;;)s¢s can be written in the simple compact form
as

8 Tii)sfs 8 _
(i) + @nlmape) — (B )oge 1+ Wplepe — G 1 (ha)ags 3)
8t 8iL‘k

where the terms appearing in the right-hand side of this equation are identified as
subfilter production, redistribution and dissipation turbulent diffusion, respectively,
while the transport equation for the dissipation rate ¢ reads

Oe 0 € e2
= — (U — Ce —Ps s — Ce = Jes s =
5 uE 95r (Ur€) = ey, Forn o = T P + Jesy 4)

The coefficient appearing in the destruction term of Equation (4) is a dynamical
coefficient.
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5. Calibration of the dynamical coefficient

The dynamical coefficient is given by

ks S
CGsts - C€1 + kf ACG (5)

where Ac. = c., — c.,, c., and c., are the coefficients used in RANS. Using the energy
density spectrum defined as F(x) = kLE* (1)), where L denotes the turbulence
length-scale L = k3/% /e, = kL,

2 1904—1
By = 0 (6)
1+ poe]’
One can obtain after integration (Chaouat and Schiestel, 2005)
Ac
€ 190 — C¢q - 7
¢ 23fs( ) ¢ + [1 _i_Bﬂg]’Y ( )

where ay = 2/3 and g = [2/(3Ck)|", Ck is the Kolmogorov constant close to 1.5,
Y. = kL
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6. PITM FOR THE PASSIVE SCALAR

Two-point fluctuating scalar correlation for non-homogeneous turbulence
¢ij = (0:40,8) (xa, ) (Hinze, 1975, Chaouat and Schiestel, 2021)

New independent variables
— vector difference £ = xp — x4

— midway position X = % (x4 + zp)

Taylor series development for the mean velocity (framework of tangent
homogeneous spectral space, Schiestel, 1987; Chaouat and Schiestel, 2007)

Fourier transform of the transport equation for the tensor ¢y9 = (¢/,60%)

Integration on a spherical shell in the wave numbers (Schiestel, 1987; Cambon et
al., 1992; Chaouat and Schiestel, 2007, Chaouat and Schiestel, 2021)

1

oo, X) = (600(X.€) = 5= / [ oo, X)dA(x) 8)
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7. EQUATION FOR THE SCALAR VARIANCE

e The spectral transport equation of half the scalar variance denoted as
Ey = pgp/2 (Chaouat and Schiestel, 2021)

OB X)) (X)(‘J’Egg; %) py(X, 1) + To(X, ) + To (X, ) — E9( X, )

9)
where in the right hand side of this equation, Py is the production of half the scalar
variance by mean gradients of the scalar, 7, is the spectral transfer driven by the
eddying motions in the inertial cascade, 7y is the diffusion term and &£y denotes the
dissipation term of half the scalar variance. Homogeneous flows are considered in the
following.
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8. SPECTRAL ANALYTICAL EXPRESSIONS

e Production Py;

9 (0)
Po(X . 8) = 50X, 1) (10)
e Transfer 7y
X = (6,200 x e ) 2l 10 g g ixen)
0 y Ky — 9 m agy 8Xm 9 agy 0,760 — 035,60 'S
(11)
e Diffusion 7y
Jo(X, k,t) = T10X, (S6,56 + Sbj0) +08Xjan (X, &) (12)
e Dissipation &
2
9= 2950 (X ¢4)420m2Ey (X £.1) (13)

2 0X,;0X,
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9. INTEGRATION IN THE SPECTRAL SPACE

Equation (9) is integrated in the domains [0, x.], [k, ke] and [k., co[ where k. denotes
here the high end wave number that is larger than ~. and different from ~ .
Homogeneous flows are considered in the following.

N LogE,
fo |
F
/ e |
production inertial _
zone subrange viscous
(-5/3) Ssubrange
k@ les kg sfs
Se’ >

Figure 1: Sketch of spectral splitting of scalar variance
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10. EQUATIONS

Integration of the spectral density equation (9) for Fy(X, x) leads to the following
equations :

8k9les
— P - F C?t 14
Y 9[0,10] — Fo(Ke, 1) (14)
ak@s s
5 = Pofue ) = Folie, ) + Fy(ric,t) (15)
0= FH(KIea t) — €flke,00[ (16)

where

k@sfs :/ EQ(Rat)d’% ) k@les :/ EQ('%at)d"1 ) k@ :keles—l_kesfs (17)
K 0

Fy(ie,t) = Folkest) — Bo(re,t) agfj (18)
Fy(ke,t) = Foltie,t) — Bg(ke,t) 88116 (19)

and
€01, ,00] = /OO Eo(k,t)dK (20)

where €0[k,,00] ~ €Qe
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11. BASIC CALCULUS

Eq. (15) can be then rewritten as

Okgs s
ot

— PQ[Fac,me] =+ FG(’{Ca t) — €9 (21)

The relation x, — k. = O(1/ly) = O(ep/6%u) leads to the equation

€g
ko ka2

(22)

’fe_’fc:CH

where (y is an adjustable coefficient chosen such that the spectral contribution of the
variance beyond ~. is negligible. Combining these equations together yields

Oco €9 Okpsys €9 Oksys
Ot kpsps O 2ksps Ot
€ Fo(keyt) — Fo(ke,t)  Fo(ke,t) — Fo(ke, t)
Ke — Ke Ey(Ke,t) B Ey(Ke,t)

(23)
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12. TRANSPORT EQUATION FOR THE DISSIPATION

Using the transport equations for £, s, and ¢ (Chaouat and Schiestel, 2005), one can
obtain easily the resulting equation for the dissipation-rate ¢y written in a more
compact form as

Deg €9 €o €p€ eg
— = C, Pysrs— + ce P,re—— — c. — Ce 24
ot 00,sfs* 0sf kesfs 0kysfsT sf ksfs Okosfs ksfs 0055 fs stfs (24)
where
PHsfS — P@[mc,me] + FQ(HC) (25)
1 1
Cepo sfs — L Ceorysfs — 5 » o Cegrosfs — 5 (26)
and

- kosfs Kfe(ne)—F@(me)) _ Ep(ke) Fy(re) (fe(’*c) _ 1)]

€ =1
C 005sfs (Ke_ﬂc)EQ(/‘?e) €o
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13. EXPRESSION OF THE DYNAMICAL
COEFFICIENT

Setting r. < Ke, F(Kq) < E(ke), and Fy(ke) < Ey(k.), and also considering that
Fy(k.) = €y as indicated by Eq. (16), Eq. (27) reduces then to

k@sfs J 9(/{’6)
. =1 —1 28
Ceo0zsss KeFg(Ke) ( €9 (28)

When k. goes to zero, that is to say when the filter width in physical space goes to
infinity in an homogeneous turbulence field (or locally homogeneous),

ko Fo(re)
e =1— —1 29
Ceoos keFo(ke) ( €9 (29)
Comparing Eq. (28) with Eq. (29) leads to (Chaouat and Schiestel, 2021)
k@s s
669925fs — Ceeel =+ k—gf (66992 o Ceeel) (30)

ONERA

15




ONERA - 12/2021

14. Molecular Prandtl numbers near unity

The ratio kg ¢ /k9 must be calibrated as a function of the location of the cutoff
wavenumber. The spectrum of the scalar in the equilibrium range can be
approximated by

Eg(k) = Cgege 1/3575/3 (31)

where () is a constant coefficient close to 0.5. The spectrum of the scalar 6 is extended
in the whole range domain of the wavenumbers

~ Cyeq
B CKE

Ey(r) E(x) (32)

where F(r) is the energy density spectrum of turbulence. Equation (32) must verify
the limiting condition lim,._, . Ey(x) = Cyege~/3,75/3, The analytical integration
yields the practical result (Chaouat and Schiestel, 2021)

Cepgysts (196) = Cegg, =+ [ (33)

1+ poe]?

where Ac,, = Cepp, — Cegp, »
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15. Small Molecular Prandtl numbers

This situation corresponds to the case of liquid metals. The inertial subrange of the

variance spectrum is shorter due to high molecular diffusivity

A LogE, .
oe inertial

diffusive

subrange
K LogE
N 0e gL,

inertial [N
production convective NS
o prense v LogE
k (-5/3) N
0 LES Ky sas e | |0
\ >

H e
3/4
k =(PrRe) /L

Figure 2: Spectral zones for small molecular Prandtl numbers where x5 = (¢/03)/4

and L = k3/2 /e,
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16. Small Molecular Prandtl numbers
The spectrum of the scalar variance is given by the function

_ _ 3
Eg(k) = Cyege /3753 exp [—500(/4”79)4/3] (34)

with the scalar microscale defined by 7y = (o /e) 4 _ (v3/€)'/* where Cy = 1.5. In
practice, Equation (34) is replaced by

Ey(k) = Cgege_1/3/<;_5/3H(/<oH — K) (35)

where k= 1/19, and H is the Heaviside function ( Fy(x) = 0 for x > k). The
dimensionless variable 1 is dropping for ¥ ;; = (P, Re;)3/* = k3/2 /(ng €)

Pey = P, Rey. Cey,, ., is obtain by integrating the spectrum (35) leading to (Chaouat
and Schiestel, 2021)

( —
1+ 89977 — [1 + 8P/ 4} ( )
Cegp + Aceee — 19(: < 19H
Ceonyors(0e) = 1— |1+ 8P| 7 50

Cego, (190 > 19H)

\
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17. Large Molecular Prandtl numbers

This situation corresponds to the case of poorly conducting fluids or high viscous
fluids like most of oils. The inertial subrange is followed by a viscous-convective
subrange and a viscous-diffusive subrange.

A
LogE, e
—»
foe
LogE
e X o —>

production inertial  ~\\ viscous viscous
zone conbvectlve N convective diffusive
Subrange h subrange subrange
L (-5/3) | ’

0les > < >

\\\
kesfs \\\ ‘/LOQE
€
\
ke sfs
v e "
K
O Ko 34| ®d © P;’lz Ré"
__Re K= !
K= S L
L

Figure 3: Spectral zones for large molecular Prandtl numbers where «x = 1/7x and
Ks = Prl/Q/nK with g = (13 /€)% and L = k3/2 /e.
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18. Large Molecular Prandtl numbers

For the wave number < > 1/7nx

1/2
EQ(K/) = Cy€p (%) K (37)

where cy is a constant coefficient. The viscous convective subrange is followed by the
viscous-diffusive subrange

1%

Eo(r) = (_ 2 _ 12
o(r) = coco (=) K" exp [—colrm;)? (38)

where 1} = nx (0/v)Y/? = ng /+/P- is the smallest scale of the viscous-diffusive
subrange and cy is a constant coefficient. The corresponding wave numbers are then
computed as kx = 1/nx and ks = 1/n}. The junctions between the different curves

occur for k = K and Kk = Kg. Vg = Ref/4 and Vg = Prl/QRef/él, respectively.

ONERA

20




ONERA - 12/2021

19. Large Molecular Prandtl numbers

In practice, a simple approach is retained. The spectrum given by Equation (38) is
replaced by a simple form as In the first wave number range [0, s |, the spectrum
Ey, (k) is defined as

Ep, (K) = §%E(/<;) (39)

where F(k) is given by Equation (6) whereas in the second domain [+ i, 00|, the
spectrum Fjy, (k) is
1%

> B v 1/2 . B
92(/‘6)—56969(6) k" H(ks — k) (40)

where £ is a coefficient of normalization.

ONERA
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Cegoysfs(Ve) = 9

20. Large Molecular Prandtl numbers

Integration of the spectrum leads to three different values depending on the spectrum

zones

(A): (Vo < Vk).

B): (Vg < Ve < Vg).

(C): (Vs < Vo).

As a result (Chaouat and Schiestel, 2021)

2

_ - —y . y
[1+ B9 — [1+5R€§ /4} +C€ﬁ(—)1/21 pL/2

66991 + Aceee — (A)
1 _ [1+5R€3a/4} +C@Z_Z ( )1/2l P1/2
. 1/2
o4 Ae cofe (£) "lnE (B)
€604 €00 3a/4 — o 1/2 1/2
1 |1+ 8R4 e (1) P
[ Ceoo (C)
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21. Variation of the coefficient Ceppysss

A CeesfSZ
002 |
Large Prandtl numbers
Small Prandtl numbers Pranatl ”“’Pbe’s ~<
near unity ~a
3/4 | 112 \‘ 3/4 >
3/4
Pe Re Pr Re K
H L K™ L S L

Figure 4: Qualitative sketch of the variation of the coefficient c.,,_

versus location of cutoff depending on the Prandtl number ranges.
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22. System of equations for passive scalar turbulence

e Scalar variance

akngs + 8(; (trkosps) = Posgs + Jo — €9 (41)
with B B
Posrs = _(Tjé)sfs% (Ti0)sfs = —Cry (Tim)sfs%% (42)
e Dissipation-rate of the scalar variance
2
%ZCeeelsfspesfs%+Ce9klsfsPsfs%CS ~Cepryass I%,Z —Cegoy e #jfs_‘_']@
(43)

ONERA
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23. SET UP OF THE NUMERICAL FLOW

SIMULATIONS
Y
| | |
=R OZij

Figure 5: Setup of the numerical channel flow simulations with isoflux thermal bound-
ary conditions. Both walls are heated with a constant flux.

ONERA
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24. NUMERICAL PROCEDURE

e The dimension of the channel in the streamwise, spanwise and normal directions
along the axes x1, 5, x3 are L; = 6.40, Lo, = 3.20 and L3 = 20

e Two meshes of medium and coarse grid resolutions

Case Ny Ny N3 N(10% A7 A7 AL 1

PITM1 (Pr=0.1) 42 21 84 0074 60 60 16 5.627,

PITM1 (Pr=1) 42 21 84 0.074 60 60 16 Nk

PITM1 (Pr=10) 42 21 128 0.112 60 60 16 0.316 7,

PITM2 (Pr=0.1) 84 42 84 0.296 30 30 16 5.621,

PITM2 (Pr=1) 84 42 &4 0.296 30 30 16 Nr

PITM2 (Pr=10) 84 42 128 0.452 30 30 16  0.316 7,

Table

1: grid-points /V,, total number of grid-points /N, grid resolution Aj, L1, T2,

x3, Batchelor length-scale 7y, Kolmogorov length-scale 7, for the Prandtl numbers

P, =
2021).

0.1, 1 and 10. PITM simulations R, = u,d/v = 395 (Chaouat and Schiestel,

ONERA
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25. COMPARISON WITH DNS

e The dimension of the channel in the streamwise, spanwise and normal directions

along the axes x1, o, x3 are L; = 6.40, Lo = 3.2 and L3 = 20

e Two meshes of refined and highly refined grid resolutions

Case Ny Ny Nz N(10% A AT AL o
DNS 1 (Pr=0.1) 512 256 256 33.55 5 5 2 5.62 1,
DNS 2 (Pr=1.0) 512 256 256 33.55 5 5 2 1.00 7,
DNS 3 (Pr=10) 1024 512 1024 536.87 25 25 0.1 0.316 n,.

Table 2: grid-points V;, total number of grid-points NV, grid resolution A;L, T1, T2,

x3, Batchelor length-scale 1y, Kolmogorov length-scale n,, for the Prandtl numbers
P. =0.1,1 and 10. DNS simulations R, = u,d/v = 395 (Chaouat, 2018; Chaouat and

Peyret, 2019). -
Small Prandtl numbers : 1y = (03 /€)1/4 = n,. /P

Prandtl number of unity : 79 = 7,

Large Prandtl numbers : 1y = (vo2/e)/4 = n,. /P! and N  R})/*P}/?

r
ONERA
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26. DNS CODE

The numerical DNS code (Chaouat, 2018) is based on the finite volume technique
where the mean variables are evaluated at the center of the computational cell
whereas the convective and diffusive fluxes are computed at the interfaces
surrounding the cell.

The equations are integrated in time using an explicit Runge-Kutta scheme of
fourth order accuracy in time O(5t*)

The Navier-Stokes equations are solved in space by means of a centered scheme of
fourth order accuracy in space O(dx*)

The numerical code is highly optimized with message passing interface (MPI)
thanks to the compact and explicit formulation of all involved stencils.

List of 6 variables in conservative form solved by the DNS code

— Py PUL, PU2, pU3, pE, pb

ONERA
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27. PITM CODE

The PITM code (Chaouat, 2005) is also based on the finite volume technique.

The additional transport equations are solved in space by means of an upwind
scheme of second order accuracy in space O(dx?)

Implicit numerical scheme for the source terms of the transport equations of
turbulence

List of 15 variables in conservative form solved by the PITM code
= ps pU1, pU2, pus, pE, po
— p(T11)sfss P(T12)sfss P(T13)spss P(T22) s 55 P(T23)sfss P(T33)sfss PE
- P(kG)sta PEo
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28. Contours of the passive scalar

Figure 6: Contours of the instantaneous passive scalar in the (x1, x3) mid-plane il-
lustrating the unsteady character of the scalar field, the detachment of vortex in the
normal direction to the wall according to DNS (Chaouat and Peyret, 2019). P,. = 1.

ONERA

30




29. VELOCITY PROFILES (Coarse and medium grid

resolutions)
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Il Il
1 10 100

(a) (b) (c)
Mean scalar field () = (f) /6, in logarithmic coordinate versus the wall unit
distance for various P, numbers. PITM1: v. PITM2: A. DNS :e. (a) P. = 0.1; (b)
P, =15(c) P, = 10;

e Excellent agreement with DNS data (Chaouat and Peyret, 2019).
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30. RMS PROFILES (Coarse grid resolution)

16 -
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100 200 300 400 0 100 200 300 400
. Xt

(a) (b) (c)
Root mean square of the scalar variance 0 = = /(0't6'+) = /(0'0") /6, versus the

Tms

wall distance for various P, numbers. Subfilter scale : ¥; Resolved scale : A. Total
scales: m.(a) P. =0.1;(b) P- =1;(¢c) P. = 10; DNS : .

e Relative good agreement with DNS data (Chaouat and Peyret, 2019).
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31. RMS PROFILES (Medium grid resolution)
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1 1 1 0 1 Il 1
100 200 300 400 0 100 200 300 400

X5

(a) (b) (c)
Root mean square of the scalar variance 0 = = /(0't6'+) = /(0'0") /6, versus the

Tms

wall distance for various P, numbers. Subfilter scale : ¥; Resolved scale : A. Total
scales: m.(a) P. =0.1;(b) P- =1;(¢c) P. = 10; DNS : .

e Relative good agreement with DNS data (Chaouat and Peyret, 2019).
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32. NORMAL TURBULENT HEAT FLUX (coarse grid)
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I I . 2 2
100 200 300 400 0 100 200 300 400
+ Xt

(a) (b) ()
Normal turbulent heat fluxes g3 = (u3 0'") = (u360’) /u. 0., versus the wall distance
for various Prandtl numbers. (a): P,.=0.1. (b): P.=1. (c): P.=10. Subfilter scale : v;
Resolved scale : A; Total scales : m. DNS : o.

e Excellent agreement is obtained with the DNS data.

e Distribution of the SGS/LES part of energy governed by the cutoff wave number
k. of the grid

ONERA
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33. NORMAL TURBULENT HEAT FLUX (medium grid)
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100 200 300 400
X

(c)

Normal turbulent heat fluxes g3 = (u3 0'") = (u360’) /u. 0., versus the wall distance
for various Prandtl numbers. (a): P,.=0.1. (b): P.=1. (c): P.=10. Subfilter scale : v;
Resolved scale : A; Total scales : m. DNS : o.

e Excellent agreement is obtained with the DNS data (Chaouat and Peyret, 2019).

e Coarse and Medium grids : decreasing of SGS while increasing of LES according
to the cutoff wave number «. of the grid
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CONCLUSION

The PITM method has been extended for simulating passive scalar fields of
turbulent flows
The modeling has been made in the spectral space

— Spectral splitting of the density spectrum

— Partial integration in the spectral space

The equations of the scalar variance &y and its dissipation rate ¢y have been
devised in the spectral space and transposed to the physical space

The channel flow subjected to constant heat fluxes has been simulated on several
meshes of coarse resolution

— The intensity of the RMS fluctuation of the scalar fluctuations was fairly well
obtained according to the DNS data

— The profile of the turbulent heat flux was also well reproduced

Practical engineering and geophysical flows will be tackled in the near future
using PITM

ONERA
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